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Mpeauncnosue

OOGyuaronuecst 1o HampapieHuto noarotoBku 38.03.01 DkoHomuka B
Hayaje CBOEro OOYy4YeHHsS H3yYalOT KypC MaTEeMaTHUKU, KOTOPBIA CIIYXKUT
dbyHnaMeHTanbHON 0a30i SKOHOMHUYECKOTO OOpa3oBaHusa. B cBsi3u c ueMm, ans
MOATOTOBKH 0OakajgaBpOB 3KOHOMHUYECKHX Npoduieii HEOoOXOJMMbI HE TOJBKO
Y4EOHUKH M CHPABOYHUKH 1O TEM WJIM HHBIM pa3jieliaM MaTEeMaTHKh, HO U
mocoOusi, CIOCOOCTBYIONIME KaK 3aKPEIUICHUIO M3YYEHHOTO Ha JICKIIMOHHBIX WJIN
MPaKTUYECKUX 3aHATHAX MaTepHalia, TaK U HapaBJICHHBIC JIJIT CAMOCTOSTEILHOTO
M3YUYEHHUS] OTIENBbHBIX TEM W BBIPAOOTKHM YMEHUM MO PEHICHUI0 0053aTEIHLHOTO
Habopa 3aJa4 B paMKaX KaXJIOW TEeMbl, B TOM 4YHCIe M MPU OpraHU3aIuu
JMCTAHIIMOHHOTO OOYyYEHUS.

YyeObHoe mnocoOMEe TMpeaHAa3HAYEHO [UIsl MPOBEJIEHUS NPAKTUYECKUX
3aHATAW W OpraHM3allid  CaMOCTOATEIIBHOM  paboThl 10  JAHMCITUILINHE
«Marematuka» B TepBOM ceMmecTpe. JlaHHoe mocoOue COCTOUT U3 MSITH TJaB

(«Ompenenutenu Matpuil. PelieHre cucTeM JIMHEHHBIX YpaBHEHUID, « IJIE€MEHTBI
BEKTOpHOM anreOpb», «[lpsimas nuHUsS Ha miIockocTu», «KpuBbie BTOpOro
nopsnka», «llpsiMas W TJIOCKOCTH B MPOCTPAHCTBE»), Kakaas U3 KOTOPBIX

COZICPKUT HEOOXOAMMBIA TCOPETUICCKUN MUHUMYM, TIPUMEPHI PEIIECHUS THIIOBBIX
3a/1a4, MoAOOp 3aJaHUM ISl CAMOCTOSITEIBHOTO PEIICHHS, TECTOBbIC 3aJlaHusl U
MepPEeUYeHb BOMPOCOB JIJIsi CAMOTIPOBEPKH.

3amaHus pacIoyIOKEHBI MPEUMYIIECTBEHHO MO BO3PACTaHUIO WX CTEIICHH
CIIOHOCTH W CTPYNIHUPOBAHBI CIEAYIONIMM 00pa3oM: CHayana MpejIoKEHBI
3a/1a4u 00s13aTEILHOTO YPOBHS (JKEIATCIIbHO WX PEIICHHE B ayJIUTOPHH), 3aTEM
(mocne 4YepThl) — 3a7ayd, KOTOpPbIE MOXKHO TMPEIJIONKUTh OOyJarolmuMcs st
CaMOCTOATEILHOTO pelieHusl (TakkKe CTaHJAapTHBIA HA0Op 3aJaHuil), U TPETh
rpynna (Imocje TBOWHON YepThl) — 3aJ1a4M JIJIs JOTIOTHUTEIIBHOTO PEIIICHHUS.

[IpencrapisieT coboit 2-¢ U3IaHke OJJTHOUMEHHOTO ITOCOOHS, IOMOJTHEHHOE 1
HCIIPABJIEHHOE.



1. ONPEAENUTENUN MATPUL.
PEWEHWE CUCTEM JIMHENHbIX YPABHEHUN

1.1. HeoOXxoauMblil TeOpeTHYECKHUII MUHUMYM

Mampuyovi. OcHoéHbBlEe NOHAMUA
Onpedenenue 1.1. Martpuneii Ha3bIBaeTCs NPSIMOYroJibHasg TaOnWia dYHCed,

PaCIIOJIOKCHHBIX CTPOKAMHU U CTOJI6HaMI/I:

&; Qp ... Ay,
a21 a22 s a2n
(1.1)
aml am2 e amn

e TatOiuna Buga (1.1) HaseiBaeTcs (M X N) — MaTpuIieH (MM MaTpulleil pa3mepa
(m X n) ), Tak KakK OHAa UMeeT M CTPOK M N cTonOIOB. /)i 0003HAYCHHUS
MaTpHIIbl PUMEHSIOTCSI WM KPYTJible CKOOKH (), WM KBaJpaTHbIe CKOOKH [

|, mnm [BOWHBIE BEPTUKAIbHBIE YEPTOUKHU H |, XOTOpBIMH 3aKIIOYAIOT

KBaJIpaTHbIEe TaOmuIel yncen. [lpuueM ciemyeT OTMETHTh, UYTO Mampuya He
umeem 4YUCI0B0U BelUYUHbl. ITO TPOCTO YCIOBHBIM CHOCOO 0003HAYEHUS
TaOJIUIL C YUCIIaMU.

e Tak Kak B 00IIEeM BUJIE MATPHUIIbI MPEICTABIAIOT COO0N TBYMEpHBIC TaOIUIIBI
qucesl, TO 111 0003HAYEHMSI KaXI0T0 U3 €€ 21eMeHno8 IPUHATO UCIIOIb30BaTh
NBOMHBIE MHJEKCHI. [lepBbIil MHAEKC 0003HAYaeT HOMEP CTPOKHU, & BTOPOU —

HOMED CTOJIOIIA.

Onpeodenenue 1.2. Matpuna, uMeroias OJUMHAKOBOE YUCIIO CTPOK M CTOJOIIOB,

HAa3bIBACTCSA KBAAPATHON MATPHULICH.

e KgsamparHyto MaTpuily, COCTOSIIYI0O M3 N CTPOK U N CTOJOIIOB, HA3BIBAIOT
MaTpuie N — ro nopsiaka. JIrobas Matpuiia N — ro mopsaKa NpeacTaBBieT coOoi
KBAJIPATHYEO MATpULLy (T10 onpeeieHuto 1.2).
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MIPEACTABIISAIOT COOOM MAaTPHUIIBI, HO

4
8 2 -7 1
1 )" (8 23)" |5 7
13
HE SBIISIOTCS MaTPUIIAMH, TaK KaK OHU HE COCTABJISIFOT IMPSIMOYTOJBHBIX TA0JIHI
qHCel.
e (0603HaYaIOT MATPUIILI TPOIMUCHBIMU JTaTUHCKUMH OykBamu (A, B, C u . 11.), a

3JIEMEHTBI MATPUIl — CTPOYHBIMU JIATUHCKUMU OykBamu (@, b u 1.4.). MBI

MOJXXEM 3aIlucarTb

&; Qp ... Ay,

A _ a21 a22 cce a2n
(1.2)

am1 am2 amn

e COBOKYITHOCTb 3JICMCHTOB KBaJIpaTHOM MAaTPHIIbI C OJIMHAKOBBIMH HMHJICKCAMM
ai11, Az, A33, ..., Apn OOPA3YET 2NABHYIO OUACOHANDL, & DIEMEHTHI din, don1, d3n-2,
vevy A1 — NOOOYHYIO.

Onepayuu Hao mampuyamu

1. PaBencrBo. /[Be matpuiisl A u B Ha3bpiBatoTCs paBHBIMH (0003Haua0T A=B),
€CJIM paBHBI UX COOTBETCTBYIOIIUE dJIEMEHTHI. Takum obOpazoM, A=B, Torma u

TOJIBKO TOTa, Kornaa a;i=Db;;.
j—Nij



2. YMHoO:keHHMe HA 4yuciao. [Tycts nanbl Matpuna A u uucio A. [IpousBeneHuem

AA sBASETCS MaTpHIa

Aa, Aa, ... Aa,

AA — Aa,  Aay, ... A&y,
(1.3)

Aa,, A4, Aa,

31ech KaxIbld 3JIeMEeHT MaTpullbl 4 yMHOXeH Ha uucio A. [lpousBenenue A4
MPECTaBISIET COOON yxKe NPYrylo MaTpHILy, UMEIOIIYI0 M CTPOK U N CTOJIOIIOB B

TOM CJIy4ae, €CIIM UCXOJHasi MaTpulia A UMEET M CTPOK U N CTOJIOLOB.

1 2
Ipumep. Ilycte A=2, u=-2, A= (5 7} , TOTJIa MTOJTy9YaeM:

2-1 2-2 2 4
2-5 2-7 10 14
21 —2.2) (-2 -4
LA = = :
2.5 —2.7) |-10 -14

3. Caoxenue. Cymmoii MaTpuiel A, UMEIOIIEH M CTPOK W N CTOJONOB W
MaTpHIlbl B, UMeroIIei Takke M CTPOK U N ¢Tos0110B, Ha3kiBaeTcs Matpuia C,
3JIEMEHTBI KOTOPOH paBHBI Cjj=a jj+ b i; (Ui Beex |, j).

IIpumep. Cymma C=A4 +B wmatpuu AuB

1 -2 4 1
A=|3 4|, B=|5 3
2 5 6 4

paBHa

1+4 -2+1 5 -1
C=A+B=|3+5 4+3 |=|8 7
2+6 5+4 8 9

e 13 onpenenenus ClIOKEHHS] MATPUILI CIIETYET, YTO MATPHYHOE CIIOKEHUE Y IOBIIETBOPSET:
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a) accoyuamugHomy 3aKomy, 1.e.. A+(B+C)= (A+B)+C=A4A+B+C;
0) KommymamusHomy 3aKOHY, T.e.: A+B=B+A.

4. BprunTanue. BpluntaHue MaTpul] ONpEAEseTcsl 4epe3 yKe€ pacCMOTPEHHbIE
OmEepalnu: A—B =4+ (-1)B.
IIpumep. Pazwocte C=4—-B wmarpuny AuB

1 -2 4 1
A=|3 4|, B=|5 3
2 5 6

paBHa
1-4 -2-1) (-3 -3
C=A-B=|3-5 4-3|=[-2 1
2-6 5-4) (-4 1

5. YmHuoxenue matpun. IlpousBenenmem (M X nN) — matpuel A u (N X ) —
Matpulbl B HazpiBaercss Marpuna C, 3JIE€MEHThl KOTOPOW IOJYy4YarOTCS M3

AJIIEMEHTOB MaTpuIl A B B 1o cnexyromieit popmye:

c,=> ab;, i=1m, j=1r. (1.4)
k=1

e B marpuunom npousBeneHnn AB matpuna A Ha3bIBAETCS J1€6biM
MHOdIcumesnem, a MaTpula B — npagvim MHOJMCUMENEM.

e Marpuna 4 [I0NMyCKaeT yMHOKEHHME HAa MaTpully B W IaeT NpOu3BEICHUE B
TOM U TOJIKO B TOM CJIy4ae, KOT/la YMCIIO CTOJIOLOB MaTpullbl 4 COBHAAAeT C
yuciaoMm cTpok marpuiibl B. IlpousBenenne C=AB WMeeT OJMHAKOBOE YUCIIO
CTPOK C MaTpullei A | OJIMHAKOBOE YMCJIO CTOJOIOB C MaTpulie B.

IIpumepsl.

1 3 2 1 1.2+3-3 1-1+3-5) (11 16
1 A= , B= , C=AB= _ .
2 4 3 5/ 2.2+4.3 2.1+4.5) (16 22



o) o) e LD

30 47 3-:4+0-6 3-7+0-8 12 21
C=AB=|1 1( 8)2 1-4+1.6 1-7+1.8 |=|10 15
5 2 5:4+2-6 5-7+2-8 32 51

L I[J'ISI MAaTpUIHOI'0 YMHOKCHUA!

a) B OOIIIEM CIIydae He 8bINOJHAEMCS KOMMYMAMmMueHblll 3aKO0H, T.€.:
AB #BA ;

0) évinonnsemces accoyuamushslii 3akoH, T.e.: (AB)C = A(BC) = ABC ;
B) 6bINOIHAEMC S OUCMPUOYMUBHBIL 3aKOH (OTHOCUTEIBHO CIIOYKEHYST),
T.C.. AB +C)=A4B + AC.

Onpeodenenue 1.3. MaTpuueil, TPAHCIOHMPOBAHHOM K MaTpUIIE A, SABJISIETCA

MaTpHIla, 00pa30oBaHHAs U3 MATPHIIBI A 3aMEHOM | — i CTpOKK MaTpuibl 4 €€ 1—

M CTOJIOLIOM.

7 6 5
IHpumep. K marpune A= (1 y) 3j TPaHCIOHUPOBAHHOM OyJEeT MaTpUIa

Al =

o1 o
w N

DJJieMeHTapHble NPeo0pa30oBaHUs MATPHUIL:

1°. Ot6pachIBanme HyIEBO CTPOKH (CTOIOMA) MATPHUIIBL.

0
2°. YMHOKEHHE BCEX DJIEMEHTOB CTPOKH (CTOJI011a) MAaTPUIIBI HA YKCIIO, HE PABHOE

HYJIIO.



3°. UameneHue MOPSIJIKa CTPOK (CTOJIOIIOB) MATPHIIHI.

0 .
4", IIpubaBiieHUE K KaXKJAOMY 3JIEMEHTY OJHOW CTPOKH (CTOJNIOIA) MATPHUIIbI
COOTBETCTBYIOIIUX AJIEMEHTOB JIPYroil CTPOKH (CTONOIa), YMHOKEHHBIX Ha

JIF000€ YUCIIO.

0
5". TpancnioHUpOBaHUE MATPHUIIBI.

e C moOMONIBbIO 3JIEMEHTAPHBIX MPEoOpa30BaHUN MATPHUILy MOXKHO IMPUBECTU K

CTYyNEeH4YaTOMY BHUAY:

&1 Qe By e Gy
O a, .. a, ... a . —

A= 2 2 * | (a, =0, i=Lr; r<k))
o 0 .. a, ... a,

Onpedeﬂumeflu mampuu, ux ebvluucjienue

Onpeodenenue 1.5. OnpenenureseM MaTPULbI BTOPOr0 MOPAIKA

a; ap
Ay 8y )’

A=

0003HaYaeMBIM | A | , HA3BIBAETCS YUCIIO, PABHOE 811°Axp — dp2°aA21, T.C.:

a1 A

A= | A | = =ajp-dpy — djpdy, (1.5)

dy; Ay

Onpeodenenue 1.6. OnpenenuresieM MATPUIBI TPEThEro MOPSAIKA

a, Q, a3
A= ay Qy Ay ’
Ay 83 g

0003HaYaeMbIM | A | , Ha3bIBA€TCS YKCIIO, PABHOE

(Aq1-@p278@33 + Q12823831 + Ap1°832°A13) — (Az1°822°A13 + Ap1-@12°833 + Azp-Ap3-811) , T.C.



dpp app a
12 3 (ay @y, 8y Ay, 8y Ayt 8y 8y) -

As |A | “Pa %2 A =_(a31 @y Q13 T8y "8y, "Ag T Ay Ay ‘a11) . (1.6)

dz; dzp ds3

? | O6patuTe BHUMaHHE, YTO B TO BPEMS KaK MaTpHIla HE UMEET

YHMCJICHHOM BCJIIMYMUHBI, OIIPCACIUTCIID ABJISICTCS YHUCIIOM.

° Jis  mpoctorel  3anomuHaHus  (Gopmyasl  (1.2) HCMONB3YIOT MPaBUIIO

TPEYTOJIbHUKA, KOTOPOE MPOUJLIFOCTPUPOBAHO Ha puc. 1.1

T

«TPOUVKW» NMPOU3BEACHUN  «TPOUKW» HNPOU3BEACHUN

I10 TJIaBHOU JuaroHain 10 TOOOYHOM JuaroHalii

Puc.1.1. Cxema npaBuiia TpeyroJibHUKa

OcHOBHBIE CBOMCTBA ONpeaeIuTe eH
0 v T
1". Onpenenurens TPAaHCIIOHUPOBAHHONW MaTpULIBl A SBISIETCS TEM K€ CaMbIM,
YTO U ONPEIAEIUTENIb CAMON MaTpHILbI A.

0
2" . Ilpu mepecTaHOBKE ABYX CTOJOIIOB MM CTPOK B MaTpuile 4 U3MEHsIETCS 3HAK

OIPENEIIUTENS ‘ N :

3°. Onpenenutens ‘A‘ paBeH HYJIO, €CIIM MPOU3BOJIbHBIE JBE CTPOKW WIIHM JBa
CTOJIOIA MATPHUILIBI A SBJISIFOTCS OJIMHAKOBBIMU HMJTH IPOMOPIIHOHATBHBIMH.

4°. VMHOKEHHE BCEX DJIEMEHTOB HEKOTOPOH CTPOKH (HITH HEKOTOPOTO CTONOLA)
MaTpUIlbl A Ha YUCIIO A MPUBOAMUT K YMHOKCHHUIO OTIPEICITUTEIIS | 4| na wucno
A.

5°. TIpubasienue K — oif cTpoKH, YMHOXEHHO#T Ha 9icI0 A, K | — oif cTpoke (i #
k) mim npubaBieHre K — oro crodia, yMHOKEHHOTO Ha YHCIO A, K | — oMy

cronony (i #K) B MaTpuiie 4 He MEHSET BETUYHUHBI OTIPEACTUTEIS |A | .
10



Onpeoenenue 1.7. Munopom M; sinemenrTa a;; omnpeaenurens N-ro mopsaka
Ha3bpiBaeTCs onpenenutenb (N —1)-ro mopsaka, MOTy4YCHHBI BEIYEPKUBAHHEM U3
MCXOJIHOTO OTIPENIEIUTENS TOW CTPOKU M TOTO CTOJIONA, HAa TIepeCeueHUH KOTOPBIX
CTOMT DJIEMEHT ajj.

IIpumep. [lycTh 1aH onpeaenurTess TPETbETO MOPSIKA:

1 2 3
A3=—2 4 5
6 -3 -4

Torma MUHOP K 3JEMEHTY ay3=5 (CTOsIleMy BO BTOPOM CTpOKE M B TPEThEM

CTOJIONIE) HAXOAUTCS Tak: Myz=

2
3‘=1. (-3) —2:6 = -15.

A MUHOD K 3JIEMEHTY a31: (crosieMy B 7| cTpoke u (7| cTo0lie) HaXOAUTCS TaK:
M= i 2 =25 —34= ]2,

Onpedenenue 1.8. AureOpanyecKuM JONOJHEHMEM A JJIeMeHTa  ajj

OIIpeACIUTEIII N-rO IOpsiAKa HAa3bIBACTCS COOTBGTCTBYIOHII/H?I MHUHOD, B3SITBIA CO

suakom (-1)™; Aij = (_1)i_j - Mij (1.7)

IMpumep. [dns onpeaenurens U3 NpeabAyIIETO IPUMEpa HalaeM anreOpandeckue
JIOTIOJITHEHUST K DJIEMEHTY do3 (T.€. Ap3) U K dIEMEHTY ag; (T.e. Az;). Ilo dopmyine
(1.7) momyuaem:
Az = ('1)2+3 “Ma3 = ('1)5' (-15) =-1-(-15) = 15;
An=(1)7""7 My = (1) (-2 = P2
e OmpenenuTenab MaTPUIIBI N-TO TIOPSIKA ONpeaesaeTcs 0oJiee CI0KHBIM 00pa3zoM
U MOXKET OBbIThb BBIYHCIEH IO TeopeMe Jlammaca myTeM TMOCJIEIOBATEIBLHOTO

IMMOHMXCHUA ITOPAIKA.

Teopema Jlamaca. Onpeaenurens MaTpullbl paBEH CyMME MPOU3BEICHUN 1000

CTPOKH (MJIU CTOJIOIA) HAa UX aJIreOpandecKue TOTOTHEHHUS:

11



A

n n
= ;ais A | (19) 4= sz_lais s (1.9)

e [Ipencrasinenue onpenenurens no treopeme Jlamnaca B popme (1.8) razwvigarom
pasnodicenuem onpedeaumes o S-My cToioiy, a B popme (1.9) — 1o i-oit cTpoke.

e OOmMit BU ONIpEACTUTENS] MATPUIBI N — IO MOPsIKA:

d1 o .. alj e Gqp

dy; dyy .. a2j Aoy
|A]=

di1 4o .. a.ij Qi

dy app . anj .« App

Onpeodenenue 1.9. KBagpatnas matpuiia 4 Ha3bIBACTCS HEBBIPOMKIAEHHOM, €CIIH

€€ ONpPEAEIUTENDb OTINYEH OT HYJIS, T.€. | A | #0.

Cucmemot nunelinvlx ypasnenuil. Hekomopuvie nonamus

Onpeodenenue 1.10. CucremMoil ypaBHeHHUIT Ha3bIBACTCA KOHEUHOE MHOKECTBO

YPAaBHEHHM:
[ (X, Xy, ..., X,) = O;
< fo(X, Xy .oy X,) =0;
........................... (1.10)
kf (X, X5, a0 %,) =0,

Onpeodenenue 1.11. Pemenunem cuctemsl ¢ N nepemeHHbiMu (1.10) Ha3bIBAIOT
YHOPSAIOYECHHBIA HA00p YHceln (X1, Xo, ...,Xp), ABISIOMIUICS PEHICHUEM KAXKIOTO U3

YPaBHEHUM, BXOJSIIUX B CUCTEMY.

Onpeodenenue 1.12. J]IBa ypaBHEHUS WIH ABE CUCTEMbI YPABHEHHI HA3bIBAIOTCS

PAaBHOCWJIBHBIMHU, €CJIM UMEIOT OJHO U TO K€ MHOKECTBO PEILICHUH.
PaBHOCHJIbHBIE IPE0OPa30BAHNS CHCTEM YPAaBHEHHUIA:

0
1°. Ilpasuno 3amemnvl ypaeneHus HA pPAGHOCUNIbHOE. €CIU B CUCTEME 3aMEHHTD

YPAaBHCHHUC Ha paBHOCHUJIBHOC, TO ITOJIYYHUM CUCTCMY, PABHOCHUJIbBHYTO I[aHHOI\/JI.

12



0
2". Ilpasuno noocmano6ku: €Cliy U3 OAHOTO YPAaBHEHUSI CUCTEMbl BBIPA3UTh OAHY
MEPEMEHHYI0 4Y€pe3 OCTaJbHBIE W, UCHOJIb3Ysl A3TO BBIPAXKEHHUE, 3aMEHUTH €€ BO
BCEX OCTAJIBHBIX YPABHEHHSX CUCTEMBI, TO MOJIYYHM CHUCTEMY, PABHOCHIBHYIO

IIEPBOHAYAJIbHOM.

0
3". Ilpasuno cnoocenus: ecnu 000€ ypaBHEHHUE CHCTEMbl 3aMEHHUTHh Ha
ypaBHEHUE, TOJYYEHHOE MPHU €ro CIOKEHUH C JI0ObIM JIPYTUM YpaBHEHUEM

CUCTEMBI, TO MOJYYUM CUCTEMY, PABHOCHIIBHYIO [IEPBOHAYATIBHOM.

0 :

4°. Ilpasuno ymHoocenus: eciii 00€ 4acTh YpaBHEHUsI YMHOXKUTh Ha BBIPAXKEHHUE C
MEPEMEHHBIMU BXOJSIIMMU B ypaBHEHHUE, TO TMOJIYYHMM YpaBHEHUE SBISIOIICECS
CIIEICTBUEM HCXOJHOI0; €CJIM >K€ 3TO BBIpaXKEHHE oOOpamaercss B Hylb, TO

IMOJIYYCHHOC YPABHCHHC 6y,[[€T PaBHOCHUIBHO HCXOOAHOMY.

Onpeodenenue 1.13. CucreMoil N JIMHEHHBIX YPAaBHEHUI ¢ N NepeMEeHHBIMH

X1, X2y ««ey Xn HA3BIBAKOT CHUCTEMY BHJIA:

A11 X1+ A Xo T ... a1 Xy = Dy;
1 X1+ AzpXo + ... Aoy X = by;

(1.11)
An X1+ anpXo t ...+ an Xp = by,

\

Onpeoenenue 1.14. Cucrema nuHeiHbix ypaBHeHuid (1.11) Ha3bBaercs

OTHOPOHOI cUcTeMOii, eciiu B e€ mpaBoi dvactu ctosaT Tosbko Hynu (D=0,
i=1n).
Onpeoenenue 1.15. Cucrema nuHeiHbix ypaBHenuid (1.11) Ha3biBaercs

HEOJHOPOJHOI cHCTeMOil, ecu X0Ts 051 ogHo u3 uucen b (1 =1N), crosmux B

€€ MpaBoO 4acCTH, HE PABHO HYJIIO.

e B marpuunoii ¢popme cucrema (1.11) umeer Bu:

AX = B, (1.12)
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rac

all a12 e oo aln
a a ... a .
A=| 2t 7% an | _ MaTpHIla CHUCTEMBI ; (1.13)
dnp1 dp2 ... App
by
b,
B= — MaTpuIia — CTOJI0ell CBOOOJHBIX YJICHOB | (1.14)
by
X1
X2
X = — MaTpHIia — CTOJIOCI] HEW3BECTHBIX . (1.15)
Xn

e Pacmmpennoii marpuueii cucrembl ypaBHeHuil (1.11) Ha3biBaeTcs mMartpuiia

BUJIA:

(a,, @&, ... a, b))
A‘B _ Qy Ay .- 8y, by _
(1.16)

8, &, --- A, bn/

Pewenue cucmem JUHEUHBIX YPAGHEHUIN NO NPAGUNY
Kpamepa

Ecnu marpunia A cucremsr (1.11) HeBbIpOXAEHHAs, TO JaHHAs CUCTEMa
YpaBHEHU HMEET EIMHCTBEHHOE pelIeHHe, KOTOPOE MOXKHO BBIUYUCIUTH IO

npasuiny Kpamepa.

14



Ipaeuiao Kpamepa. s Haxoxaenus 3Hadenuid X ;  (1=1LN ) cucremsr n
JIMHEMHBIX YPABHEHUW C N MEPEMEHHBIMHU CIEAYET Pa3lCiIvuTh HA OINPEICIUTEND
|A| OIIPEICITUTEIIb, MOJYICHHBIH W3 MaTpHUIlbl CUCTeMbl 4 3ameHOW e€ I— ro

cT0JI0I1a HA CTOJIOEI] CBOOOIHBIX YIEHOB B.

Otcrona:

A, AN _ Ay
A A A

31ecsr 0003HAYNUIIH;

XZI.:

Q; Q, ... G, b a, ... a,
a21 a22 ce a2n . bZ a22 a2n
A - ‘A‘ - ) Axl == ]
a, a, ... a, b, a, ... a,
a, b Ay, 1 i B
_ Ay bz Aap || A = Ay -er Qg bz
A, = S
a, b, ... a, ay ... a,,4 Db,

o ®opmymnsl (1.17) HazsiBatorcst popmysamu Kpamepa.

e (Cucrema TpexX JUHEHWHBIX YPAaBHEHUN C TPEMSI HEU3BECTHBIMU UMEET BU/L:

a; X + Ay + Az =by;
a21X + a22 y + a232 = b2 , (118)
a.31X —+ a32 )4 —+ a332 = b3 .

Jist cuctemsl Buna (1.18) dopmynsr Kpamepa nmpumyT Bun:

A, ., M

X=——, ) Z )
A y A A (1.19)
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djp @12 843 by a;, a;
rie A= |[821 8 d3|; Ae=|02 Ay Ay
dzy dgp dg3 b; azp asg
a;; by ags a;; ap b
Ay=|81 By A A,=8y ayp b
azg; b; ag a3 azp Dby

HpI/I KakoM YycJOBUM cucTema ypaBHeHudd (1.18) wuMeer eauHCTBEHHOE
peuieHue?

3anucath ¢opMynsl Kpamepa myis pemieHuss CUCTEMBbI JBYX JIMHEWHBIX
YpaBHEHUH C IBYMS IEPEMEHHBIMMU:

{allx + apy =b;
a21X + a22y :bz.

Pewenue cucmem JUHEHUHLIX YPDAGHEHUN MemMOOOM
TIaycca
Metoa moCnenoBaTeIbHOTO HMCKIIIOUSHHS MEepPeMEHHBIX (memoo [ aycca)

SIBJISICTCST OOIIIMM CITOCOOOM PEIICHUS] CUCTEM JIMHEHHBIX YpaBHEHUM.
Merton IMaycca cocTouT U3 npsamoeo u 0opamnozo xood.

|. Ilpsamoii xox meTtoga I'aycca — 3aJaHHYIO CUCTEMY C NOMOWBIO PABHOCUILHBIX
npeobpazosanuil cucmem ypasHenuii TPUBOAAT K CTynmeH4YaToMy Buiy. Tak Kak
Bce TmpeoOpazoBaHus Haj cuctemoi ypaBHeHui (1.11) cBomsTca K
COOTBETCTBYIOIINM MPEOOPa30BaHUIM HAJl PACIIUPEHHONW MATPUIIEH CUCTEMBI (CM.
OnemenmapHvle npeobpaszoeanus mampuy), TO TpsAMOM xon Mmertoma [aycca

MO>KHO BBITIOJIHATH TaK:
1. IIpuBectr 3aaHHyIO cucTeMy ypaBHeHM K Bugy (1.11).
2. Jlns 3aaaHHOM CUCTEMBI 3aMCaTh PACIIMPEHHYIO MAaTpUIly A | B.

3. C nmomompl0 3JIEMEHTapHBIX MpeoOpa3oBaHMWl MaTPHI] MPUBECTH

pPaCUIMPEHHYIO MaTPUILy CUCTEMBI A | B k cryneHuaromy BUIy.
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I1. O6parHbIii xoa meToaa I'aycca:

1. Tlo monay4eHHOH CTyneH4YaToM MaTpuue (CM. IyHKT 3 OpsSMOro XoJaa MeToaa

['aycca)  3ammcaTh  HOBYIO  CHCTEMY  ypaBHEHHMH,  PaBHOCHIIbHYIO

IIEPBOHAYAJIbHOM.
n | — IOYeMy CHCTEMa YPAaBHEHHH, «BOCCTAHOBJIECHHAS» IO CTYIEHYATOM
' MaTpHULE PAaBHOCUIIbHA UCXOJIHOM cUCTEME?

2. Pemuth NOJIYyYCHHYIO  CTYNEHYaTyl0  CHUCTEMY  YypaBHEHUH,

IOCJIEZIOBATEIbHO «IOJHUMAsICh HABEPX» IO CHUCTEME OT MOCIEAHETO
ypaBHEHUS (COIEpXKAILIEr0 TOJBKO OJIHY MEPEMEHHYI0) K I[EPBOMY

ypaBHEHHUIO.

1.2. NMpumepbl peweHUss TUNOBbIX 3agav

3az{aqa 1.1. Beruncnnthb OIIPpCACIUTCIIM KBaJApPAaTHBIX MATPUIIL:
1 4 7
5 2
A= (7 4); B=|3 2
9 8

1) Haitnem onpenenuTenb KBaJApaTHON MaTPHUIlbI BTOpOro nopsiika A mo dhopmyne

Pemenmne.

(15): A= |4] :‘3 j‘= 5:-4-2-7=P7

2) Onpenenutenb KBaJpaTHOM MATpPHIbl TPETHErO TMOpsAKAa B BBIYUCIUM MO
dbopmyiie (1.6):

1 4 7
As=|B|=3 2 5/=(1-2:614-5-9+3-87) - (9-2-7+8-5-1+3-4-6) = 360 — 238 = 122.

9 8 6

OtBert. |A|= :

|B|=122.

3amaua 1.2. Beruuciauth onpenenuresb Matpuilbl B (cM. 3aaady 1.1.), ucrnons3ys
€ro pa30KEeHUE MO JIEMEHTaM:

a) mepBoy CTPOWKHU; ©O) TpeTbero cTonodla.
17



Pemenue.

a) [lo Teopeme Jlamnaca pasznoorcenue no nepgoti cmpoke ONPENCIUTENS MATPHULIBI
B nmeert Bun; | B | = ap A + appAdip + arzdiz (*) (B bopmyne (1.9) B3sm | =1).
3nech aiy =1; a;p =4; a3 =7; A1, A, Az - anredpanyeckue AOMOJHEHUS K
AJIEMEHTaM TIEPBOM CTPOKHU. Beraucium tpedyembie anredpandecKue JOMOTHEHUS,

ucnons3ys popmyny (1.7) u onpenenenue 1.8:

+ 2 5
An= (1) ‘8 6‘ =12- 7= -28;

Ay=(-1)"-

‘3 Z‘zzz A= 2 A=6.

3 2
9 8‘
[ToncTaBum HaliieHHBIC 3HAYEHUS B BhIpaykeHue (*):

| B|=1+(-28) + 427 + 7-6=122.
0) Eciu gopmyne (1.8) B3aTh S=3, TO NOMYUUM pasziodiceHue onpeoerumeris no
mpembvemy cmoaoyy:
| Bl =ay5 A3+andystazsdss. (**) (3mech ajz= , A3=D; asz= )- Haiinewm,
ucronb3yst omnpexaeneHue 1.8, TpeOyemble B BblpaxkeHuu (**) anreOpanmueckue
JIOTIOJTHEHUSI:

3 2

1 4 1 4
A13=(‘1)4"9 8‘=ﬂ’ A= (-1)° ‘9 8‘=ﬁ’ A33=('1)6"3 2‘:-

[TocTaBuM HaliJIcHHBIC 3HAYCHUs anreOpandecKuX JOIMOJIHEHUH B BBIpaKCHHUE
=) |B| = 7-p2s - pPAren?=122.

m CpaBHUTE MOJIyYE€HHbIE OTBETHI JUIsl ONpeAenTeNst MaTpulbl B B 3amauax 1.1.
u 1.2 (a,0) — OHM TOJDKHBI COBMAAATh.

Ot1Ber. A3= | B | =122.

3amaya 1.3. Beruuciaute onpenenutens wmatpuusl B (cm.  3amauyl.l.)
IpEeIBAPUTEIHHO MPE0OPa30BaB C IENIbIO TIOJYUYCHHS IBYX HYJICH:

a) B IEPBOM CTOJIOIIE; 0) B IEpBOI1 CTPOKE.

Pemenue.

a) C mnomomplo MNpeoOpa3oBaHUl HUCXOIHOTO OMNpEAeIuTeNsl MaTpulbl B,
OCHOBAHHBIX Ha MPUMEHEHUU OCHOBHBIX CBOMCTB OMpEACIUTENCH, MOJydrM JBa
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HYJISA B TIEPBOM CTOJIOIE (Ha MECTE DJIEMEHTOB dx1=3 W a3 =9). Jlnsa yero cHavamna
13 BTOPOU CTPOKH BHIYTEM IMEPBYIO, YMHOKECHHYIO, Ha 3.

< 0
m CornacnHo CBOUCTBY 5 omnpeacinTeiisi, <Cro BCIHMYMHA OT HJaHHOI'O
HpCO6p&30BaHI/IH HC N3MCHACTCA.

B pesynbrare nosmyyum:

1 4 7 1 4 7 1 4 7
|B|=[3 2 5/ =[3-1e3 2-4e3 5-7e5=10 —-10 —16 @
9 8 6 9 8 6 9 8 6
m3HaII0K 03Ha4YacT, 4TO PCIICHUC IIpUMCpPa 6y,[[eT IMPOAOJIZKECHO HHUIKC

(Tocyie KOMMEHTapUER).

Buaum, 4To BBINIOJIHEHHOE JICHCTBHE TTO3BOJUIIO MPEoOpPa3oBaTh AIEMEHT d1=3 B
HOJIb.
Jlanee it MOJIydeHUs HYJIS HAa MECTE a3=9 W3 TPEThEH CTPOKU BBIYTEM
IIEPBYIO CTPOKY, YMHOXXEHHYIO Ha 9:
1 4 7 1 4 7
0 -10 -16 | = |0 -10 -16/.
9-1e9 8-4e9 6-7¢9 |9 _28 _57
Taxum 06pa3oM, MOTy4YHSIM B IEPBOM CTOJIOLIE 3aJaHHOTO ONpPEACIUTENS ABa
Hynsa. Teneps, npumMensis Teopemy Jlammaca (popmymna (1.4) npu S=1) , noxydum:
|B | = andn + andn+t anAs = VA + 041+ 043, = 1:4y = 1. (-1)M
-10 -16

= (- 2-
M= (D™ |0 57

‘ =- 10 (57) - (-16) - (-28) =570 - 448 = 122.

0) [Tomyunm aBa HYJISI B IEPBOM CTPOKE ONPEACITUTEINS:

1 4 7 1 4-1e4 7-1e7 1 0 0

|B| =3 2 5 =3 2-3¢4 5-3e7/ =13 _10 -16/ =1 Ay =
9 8 6 9 8-9e¢4 6—-9e¢7 9 -28 -57

-10 -16

_og _ 57‘ =570 - 448 = 122.

=1 (-1)* My =1- ‘

OTtBer.122.
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3agayva 1.4. BeruucauTe onpeaeanTelb MaTPULbl YETBEPTOT0 MOPsIKA:

2 -5 1 3
-4 6 -1 4
5 -9 2 7

3 -6 1 -3
Pemienne.
C momomipio TIpeoOpa3oBaHUii, OCHOBAaHHBIX Ha CBOWCTBAX OIMPEIACITHUTENS,
MOJIYYUM TPHU HYJISI B KaKON-TMOO CTPOKE WM CTOJIONE onpeaenuTens. B qannom
Cllydae <«3aHylsATh» YI0O0HO TEpBBIA, BTOPOW, TPETUH, YETBEPTHIM SJIEMEHTHI

TPETHETO CTOJIONA.

Hoquy «BaHYJIITb» JIY4YIIC KMCHHO 3JICMCHTBI TPCTLCTO CTOJI6I_[3?

2 -5 1 3 2 -5 1 3
4 6 -1 4| |-4+2 6-5 ~141  4+3
A4:|A|: = =
5 -9 2 7| [5-2e2 —9-(-5)e2 2-1e2 7-3e2
3 -6 1 -3 | 3-2 ~64+5 1-1  -3-3
2 -5 1
2 1 0 7 -2 17
- =1- (D) Ap=1-Mp=1-]1 1 1
1 1 0 1 (-1) 13 13 @
1 -1 -6
-1 0 -6

Taxum 00pa3zom, MOPSAAOK ONpPENETUTENsE YETBEPTOrO MOpsAIKa MOHU3UIN Ha
€AUHULY, T.€. 10 TPETHErO MOpsIKa.

[TonydeHHBIN ONpENenuTENb TPETHETO MOPSAAKA MOKHO HAWTU Pa30KEHUEM
M0 KaKoW-1100 CTpoKe (CTOJIOIY) UITK TIO IPABUITY TPEYTOJIbHUKA.
B namewm cinyyae yqoOHO CHayana MoJIy4MTh JBa HYJsl BO BTOPOIl CTPOKE, a 3aTeEM

BBIUHCIIUTD OIPEIEIUTEND, PA3JI0KUB €0 TI0 BTOPOI CTPOKE:

2 1 7| |-2 1+2 7+2| -2 3 9
@ 1 1 1|=|1 1-1 1-1|=|1 0 o0|=1-(-1)*" My=
1 -1 -6 |1 -1-1 —-6- 1 -2 -7
3 9
=1- (-1) -‘_2 _7‘ = -(3:(-7) - 9-(-2)) =- (-21+18) = 3.

OtBer. 3.
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3agauya 1.5. @upma cOCTOUT U3 ABYX OTIEICHUN, CyMMapHas BeIHMYMHA MPUObLIN
KOTOPBIX B MUHYBIIEM roay cocrasuina 10 MiH ycinoBHbIX eauHull. Ha aToT rox
3aIlJIJaHUPOBAHO YBEJIMYEHHE MPUOBLIN IepBoro ornaeneHus Ha 60%, BToporo — Ha
45%. B pesynpTare cymMMapHas OpuObLIb J0JKHA Bo3pacTH B 1,5 paza. KakoBa
BEJIMYMHA NPUOBLIN KaX/I0T0 U3 OTIEIEHUN: a) B IpouuioM rony; 0) B 3TOM
roay?
Pewmenue.
1.CoctaBuM cucTeMy ypaBHEHUN ULl pELICHUS 3a/1a4u.

[Tycth x — BenmuurHA MPUOBUIA EPBOTO OTAEICHUS (GUPMBI B TIPOIIIOM TOLY
(MJIH YCIIOBHBIX €IUHUIL), ¥ — BEIWYMHA NPUOBUIM BTOPOTO OTAEHEHUS (MIIH
YCIJIOBHBIX €/IMHHII).

Torz[a YCJIIOBHC 3aJla4v MOKHO 3aIlliuCaTb B BUAC CUCTCMBI:
X+ Yy =10;
1,6x+ 1,45y =15.

2. Pemum nony4yeHnyto cuctemy mno popmynam Kpamepa:

X = &, _ ﬂ,
A y
1 10 1 1 10
reA = =145 -16=-0]15:AX = =-0,5 Ay = -
16 1,45 15 145 16 15
~1 30
- —05 _10 : - = - 26,667
Torma x o5 3 ~ 3,333; y 015 3 )

3HauuT, B MPOILJIOM TOXy NMpHObUIH COCTaBWIA JJiA TepBoro otaenenus 3,333, a
JUIs1 BTOPOro — 6,667 MJIH yCIIOBHBIX €INHHII.

3. OmnpeaenuM BeIMYMHY MPUOBUTA KaXXKJIOTO W3 OTIACICHUN (UPMBI B 3TOM TOIY:
171 iepBoro otaenenus: 1,6:3,333~5,333 ;  mis Broporo otaeneHus: 1,45:6,667
~9,667 MIIH yCJIOBHBIX €IMHUII.

Otser.

a) 3,333 muH yci.ea.; 6,667 MiH yci.en.,

0) 5,333 miH ycn.en.; 9,667 MiH yci.e.
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3anaua 1.6. Pemuth cuctemy ypaBHeHuit mo popmynam Kpamepa:
X+ Xp —2X3 =6,
2% +3X, — 71X =16,
5X1 + 2X2 + X3 = 16
Pemenue.

®opmyiel Kpamepa (1.19) st naHHOM cHCTEMBI UMEIOT BUIL:

AX AX AX
X1=—1; X2=—2; X3=—3,
A A A
6 1 -2 38 5 0 3 8 5

rae: A =[16 3 —7/=[128 17 0/=1e(-1)°e[12 8 17|=6= Ay =6;
16 2 1| |16 2 1

16 -2 1 6 -2
A =2 16 -7/=[0 4 -3 =le(-1’e
516 1| [0 -14 11

=2:>Ax2=2;

14 11‘

11 6

AX, =2 3 16 ::-2. Torna nonydaem:
5 2 16
6 2 -2

XX===3, Xp==—=1 X3=—=-1.

175 275 3775

Otger. (3;1;-1).

3agaua 1.7. Pemuts MetosioM 'aycca cuctemMbl ypaBHEHUI:

[ Xx-3y+2z=5 X+ y—z =4
1 T 3X+y-5z =4 , | 3X-2y+z=2;
|4x—2y -3z =10; 10y -5x-10=7z,

2X, +2X, = X3+ X, =4,
4X, +3X, — X3 +2X, =6;
3. |8X, +5X, —3X; +4X, =12;
| 3%, +3X, —2X; +2X, =6.

Pemenmue.
1. a) 3anumeM pacUIMPEHHYIO MaTPUIly CHUCTEMbI, NPUIUCAB K MAaTPUIIC
K02(PUIIMEHTOB BEKTOP CBOOOIHBIX YJICHOB:
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1 -3 2[5
AB=(3 1 -54
4 -2 -310

6) C moMOIIBIO 21eMeHmapHulX npeobpazosanuti mampuy MPUBEAEM MaTPHILY

A | B k crynieHuaToMy BHIY:

1 -3 2| 5 y
1 war
AB=|3 1 -54| -~
4 -2 —-310
1 -3 2 5

~13-1.3 1-(-3):3 -5-2.34-5.3 |~
4-1-4 —2-(-3)-4 —3-2-410-5-4

1 -3 2| 5

2-1 war
~{0 10 -11-11 ~
0O 10 -11 1
1 -3 2 5 1 -3 2| 5
~10 10 -11 —-11 ~10 10 -11-11|

0 10-10 -11-(-1D1-(-11)] (o 0o 0|12

[IpokoMMEHTHpPYEM BBHITIOJIHEHHbBIE TTPEOOPA30OBAHUS:

1- 1 wae: yMHOXaeM 2JIeMEHThI TiepBoi cTpoku Ha (—3) u (— 4) u mpudaBiIsLeM ux
COOTBETCTBEHHO K 3JIEMEHTaM BTOPOM U TPEThEU CTPOK. B pesynbrare moayuum B
MEepBOM CTOJIOIIE BCE HYJM, KpOME BEpXHEro sjeMmeHTa (ay;=1), T.e. B MepBOM

cToJ011e 00pa3oBaach «CTYNEHbKa» U3 HYJEH.

2 — U wae: X DJIEMEHTaM TPETbeW CTPOKU NPUOABIIEM COOTBETCTBYIOIIHE

DJIEMEHTHI BTOPO# CTPOKH, YMHOXCHHBIC Ha (—1).
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3 amMec4dacm, qTo IIOCJICAHAA CTpOKa COOTBCTCTBYCT

YPAaBHEHUIO

0-x+0-y+0-z2=12, KOTOpPOE HE MMeeT peIIeHHil, Clel0BaTeNlbHO,

CUCTEMa HECOBMECTHA (T.€. HE UMEET PEIICHUN ).

2. a) [IpeoOpazyem 3aaHHYIO CUCTEMY:
X+y -z =4
3X-2y +z= 2
—-5x+10y -7z =10.

0) 3anuIieM paciupeHHYI0 MaTPUILy CUCTEMBI:

1 1 -14
AB=| 3 -2 1/2
-5 10 -7/10

B) [IpuBenem paciimpeHHy0 MaTpHILy K CTYIIEHYaTOMY BUIY:

1 1 —-14 y
1-n war
AB=| 3 -2 1|/2| -~
-5 10 -7]10
1 1 -1 4
~ 3-1-3 —-2-1-3 1+1-3|2—-4-3 |~
-5+1-5 10+1-5 —-7-1-510+4-5

2-1 war
~/0 -5 4 |-10 ~
O 15 -12] 30
1 1 -1 ) 1 1
~10 -5 4 —10 ~10 =5
0 15-5-3 -12+4-330-10-3 O O
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[TpokOMMEHTHpPYEM BBITIOJHEHHBIE TPEOOPA30BAHMS:

1- u wae: yMHOXaeM 3JIEMEHTHI NEPBOM CTPOKU Ha (—3) U puOaBIsIEM UX
COOTBETCTBEHHO K 3JIEMEHTaM BTOPOW M TpeTheil cTpok. B pesynbrare monydyum B
MEPBOM CTOJIOIIE BCE HYJM, KpOME BepxHero siemeHTta (a;;=1), T.e. B MepBOM

cToJIOIe 0Opa3oBaIach «CTYNEHbKA» U3 HyJEH.

2 — U wae: K dJIEMEHTaM TpPEThbel CTPOKU MpUOaBIsieM COOTBETCTBYIOIIHE

AJIEMEHTHI BTOPOW CTPOKHM, YMHOKEHHBIE HA 3.
3ameuaeM, 4YTO MOCIEAHsS CTpOKa MpeoOpa30BaHHON pPACHIMPEHHOM MaTpHIIbI

coorsercrayer ypasuermmo 0 X+0-y+0-2=0,

KOTOpPOC HMMECT OECUYHCIICHHOE MHOKECTBO pCHlCHHfI, 3HA4YUT, U CUCTCEMAa HMMCCT

0eCKOHEeUHOE MHOXECTBO PEIICHUH.

3. a) Pacmimpennas MaTpuiia CHCTEMBI UMEET BH/I:

2 2 -1 1]4

4 3 -1 2|6
AB =

8 5 -3 412

3 3 -2 26

0) [IpuBenem mMatpuity 4 |B x CTyIIEHYaTOMY BUIY:

3 3 -2 2|6

1-n war 4 3 -1 2|6 2—l7|~u1ar
AB ~ |8 5 -3 412

2 2 -1 1|4

1 1 -1 1|2 1 1 -1 1]2

4 3 -1 26 |3¥mwarig _1 3 _—2/—2|4MW war
18 5 -3 412 |0 -3 5 —4—-4|

2 2 -1 1|4 0o 0 1 -10
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1 1 -1 1 1 1 -1 1] 2
0 -1 3 -2-2|5nwar 19 -1 3 -—2/-2|6% war
o0 -4 2 ) o o 1 -1 o]
0 0 1 -1 0 0 -4 2| 2

1 1 -1 1

0 -1 3 -2-2

00 1 -1

00 0 -2 2

[IpOKOMMEHTHUPYEM BBINIOJIHEHHBIE IEUCTBUSA:
1— 1 wae: meHsieM MecTaMu IEPBYIO U YETBEPTYIO CTPOKHU.

2— 1 wae: 9To0bl HA MECTO 3JIEMEHTAa dp; MOJYYUTh €IUHUILY (C KOTOpoi Oojee
yIOOHO BECTH BCE MAIBHEWINNE PACcUEThl) BBIUTEM W3 DJIEMEHTOB TEPBOU CTPOKHU

COOTBCTCTBYIOIIHC 3JICMCHTLI I-ICTBépTOI\;I CTPOKH.

3— U wae: yMHOXaeM 3JEMEHThI mepBoi ctpoku Ha (— 4) , (- 8) u (—3) m
MpuOaBIIeM MX COOTBETCTBEHHO K AJIEMEHTaM BTOpPOM, TpEeThell U 4eTBEPTOU
CTpoK. B pe3ynbrare moiiyduuMm B TEPBOM CTOJOIE BCE HYJIH, KPOME BEPXHETO

anemeHTa (a;;=1), T.e. B IepBOM CTOJI01Ie 00pa3oBaiach «CTYNEHbKa» U3 HYJICH.

4 — 1 wae: K dIEMEHTaM TPEThed CTPOKH MPHUOABIISIEM COOTBETCTBYIOIINE
AJIEMEHTBI BTOPOW CTPOKH, YMHOXKEHHBIE Ha (—3). Torna u moma sjaemMeHToM azp=— 1

BO BTOpOM CTOJ'I6HC IMMOABUTCS BTOpaAs CTYIICHbKA.

5— il wae: MEHIeM MeCTaMH TPEThIO M YETBEPTYIO CTPOKHU C T€M, YTOOBI HA MECTE

AJIEMEHTA azz CTOsUIAa eUHMIA (11 y00CTBA pacyETOB Ha CICAYIOIIEM IIare).

6— # wae: K BIEMEHTaAM 4YETBEPTOM CTPOKM MPHUOABISIEM COOTBETCTBYIOIIME
AJIEMEHTHl TpeThel CTpPOKH, yMHOkeHHble Ha 4. Takum oOpa3zom MmaTpuua

IMPpHUBCACHA K CTYIICHYAaTOMY BUY.

B) Ilo mnonmydyeHHOM cCTyneH4YaTOW MAaTpHIE BBIIUIIEM CHCTEMY YpPAaBHEHUH,

PABHOCHWJIBHYIO UCXOJITHOU CHCTEME:
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Xs X, =10;
| —2X, = 2.
W3 nocnenHero ypaBHEeHUs x4= —1; U3 IPEANIOCIEIHETO X3 2 |
7? 7
N3 BTOpOTO — =1; u3 mepBOro ypaBHEHUS — X1

Oteer. 1. {J} ;2. Gecuncnennoe MHOXeCTBO peniennit; 3. (1;1;— 1;— 1).

1.3. 3apauu ANA caMOCTOATENIbHOro peleHuns

1. BeIuucnuTh OnpeaeauTeIn KBaJApaTHBIX MAaTPHUIl BTOPOTO MOPSIKA:

a)A= (j _62} 6) B= 1 \/; : B) C:( sin X COSXJ.

Ja a —CoSX sin X

2. Berunciaurts OIIpCACIINTCIIb KBaHpaTHOﬁ MaTpulbl TPETHETO IOPAAKA, UCIIOJIb3Ys

2 3 1
MpaBWIo TpeyroibHuka:| 4 2 -1/,
3 5 2
2 3 4
3. Jlan onpenenuTens TpeThero mopsaka A; =5 -2 1] .
1 2 3

Tpebyercs:

a) BBIYUCITUTH A3, Pa3IIOKUB TI0 AJIEMEHTaM NIEPBOTO CTOJIOIIA;

Az

0) BBIYMCIIUTD — 3, PA3JIOKHUB IO DJIEMEHTAM TPEThEHl CTPOKU;

, TIPEABAPUTENTHHO MOTY4MB BO BTOPOH CTPOKE J1BA HYJIS;

, TIPSIBAPHTEITHHO TOMTYYMB B TPETHEM CTOJOLIE JBA HYJTIS;

1) HaWTH CyMMy [pOM3BEIECHUN DIIEMEHTOB BTOPOro CTOJONA Ha
COOTBETCTBYIOILIUE alreOpanyeckre JOMOJHEHHS K DJIEMEHTaM [epBOro
cToJ01A.

4, prOCTI/ITB H BBIYUCIINTDL OIIPCACIUTCIN
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35436 46343 2242

-x 1 X 1 2 5
17718 23169 11211 . 6) |0 —-x -1: |3 -4 7|
5006 7729 3732 X 1 —x ~3 12 _15
5. BI)I‘II/ICJII/ITL OHpCIlCJII/ITeJII/I ‘IGTBCpTOFO HOp}II[KaI
1 1 4 2 -1 3 1
2 -1 1 - 2
2) 3 ; 6) 5 8 |
0O 2 0O 4 -5 3 -2
1 -1 0 1 -7 8 4 5

6. Pemmuth cuctembl ypaBHeHuil mo dopmynam Kpamepa u merogom [aycca.
Cnenate TpPOBEPKY.

X +2Xy =Xz + X4 =1,
X1+X2+3:6,

6) 2X1—X2+X3 :3, B)
X| —Xo + X3 =5

3X1—X2 +2X3 —X4 = —1,

3X -4y =-6,
a 2% — 2%, +3%g =5,

3x+ 4y =18;

2% + 3%y —2X3 + X4 = =3,

7. BeuncinuTh OIIPpCACIUTCIIN KBAAPATHBIX MATPHUI] BTOPOI'O IMOPAIKA:

-4 2 _|5
a) A= ; 6) B =
) (—5 0,5) ) 7 g

8. llan ompenenurtens TPEThEro MopsiaKa:

1 2 -6
A=13 4 1
5 7 3

a) TpeOyeTcs BIUUCIUTEND Aj:

® 110 TIPABIITY TPEYTOJIbHUKA;

®IIpECIBAPUTEIILHO TPeoOpa3oBaB €ro ¢ IENbI0 TMOJYyYeHUsS JBYX HYJICH B
IIEPBOU CTPOKE;

®DA3JI0KUB 110 TPETHEMY CTOJIOLLY.

0) Haiitu cymMMmy mnpou3BEeACHHI JJIEMEHTOB TMEPBOTO CTOJNOIA Ha

aHFe6paI/I‘ICCKI/IC AOINOJIHCHUA K OJICMCHTAaM TPCTHETO CTOJ'I6I_Ia.
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9. Ympoctuts (110 CBOMCTBAM OMPEISIUTENEH) U BEIYUCITUTS:

2 -3 1 12314 16536 20538 i i (1) (l)
a) 6 -6 2; 0) |6157 8268 10268|; B) L0 11
2 -1 2 513 689 126
0111
X+7 2
10. Pemuth HepaBEeHCTBO: 3 1 >-1.
2 -1 2
11. Pemuth ypaBHEHHE: 3 5 3 [=0.
1 6 X+5

12. Pemuts cuctemsl ypaBHeHu#d mo ¢opmynam Kpamepa n meromom ['aycca.

Crenatb MpOBEPKY:

){ bx  +7y+ 13 =0, 6)18x+ 3y +5z =-13

-19y +5x- 14 =0

2X+ 5y -z =-5
(3x, + 3X,+ 4x,— 5x, =9,
SX, — TX,+ 8%+ 2X, =18;
<
B) 14x, + 5%x,— 7x,— 3X, =-5
X+ 8%+ 3X;+ 4x, =-2.

13. OnpenenuTenb CHCTEMBI TPEX JUHEWHBIX YpaBHEHHH C TpeMs MepeMEHHBIMU

1 2 -
X1, X2, Xsumeer Bug:  A=|3 2 2.
1 -2 1

TpeOyercs: a) COCTaBUTh COOTBETCTBYIOIIYIO CUCTEMY ypaBHeHul mipu by = 2, b,

=-2,b3=1; ©0) pemuTh NOTYUCHHYIO CUCTEMY YPaBHCHUI.

14. BeIUUCIUTD ONPECIUTENN BTOPOTO MOPSIIKA:

2
5In4 2cos X

; B) 25in2x 02In4
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1 7

2 -3

a)‘ 3 2

; 6)‘




15. BeIYMCAUTh ONPEAEIUTENN TPETHETO MOPSIIKA MO0 IPABUIy TPEYTrOJbHUKA:

1 2 3 11 1 5 6 3
a)|d 5 6; 6) 1 2 3; B)[0 2 0
7 89 1 3 6 7 4 5
3 1
g—llg 02 1 03
|7 3 4 mll 2 08 .
2
_§50 01 -1 5
4

16. BbaucanTh onpeAenuTeNn TPEThEro Mopsiika ¢ MOMOIIBI0 PA3I0KEHUS IO

CTPOKE WJIU CTOJIOIY:

350 0 8 3 4 5 1
a)|0 0 1; 6)1 5 O0f; B) -2 3 -
4 2 0 2 0 -3 2 8 0
17. He BbIUuCISASA, ONPEISITUTD BETUIUHY OMPEICTUTEIIS:
3 5 8 3 2 6 1 0 -1
a)|ll -2 7|; 0)5 3 10[; B) |2 3 4].
3 5 8 1 4 2 3 0 -3
18. BBIYHCITUTE ONpeNeTUTEIN, HCIIOIB3YsI UX CBOWCTBA:
)13547 13647 5 246 427 327 )sinza 1 cosia
a 5 > B)lsj ;
28423 28523 1014 543 443 sin? 3 1 cos? B
—342 721 621 sin2p 1 cos? p
13647 13657 17844
T) 28423 28433 —19371|
28423 28433 —19372
3 2x-2 1
19. Pemuth HEpaBeHCTBa:  a) NS 14; 0) g ‘ > 5.
2x x 2
20. Pemnth ypaBHEHUS:
g in 5 3 X =X
X X+ cos8x —sin5x
a) =0; 0) | . =0; B)| 2 -1 3 |=0;
-4 X+ sin8x  cos5X
x+10 1 1
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X X+1 Xx+2 X 3 2 3 X -4

rNix+3 x+4 x+5=0; na)lx -1 1/=0; e)| 2 -1 3
X+6 X+7 X+8 0O 1 4 x+10 1 1
1 1 1 x2 4 9

)1 1-x 1 |70 3) | x 2 30
1 X 2—X 1 11

21. Jloka3aTh TOXKISCTBA:

1 a bc 1 a a’
a)l1 b cal=(b-a)- (c-)- (c-b), 6)[1 b b?|=(b-a)- (c-a) (c-b).
1 ¢ ab 1 ¢ ¢?

22. Jloka3aTh (Ha TNpPUMEpPE OIpPENETUTENsT TPEThEro MOpsJKa), YTO €CIIU BCE
AJIEMEHThl OJHOW CTPOKHM (CTONOLA) OmpenenuTeNst paBHbl 1, TO cymma
anreOpandecKux JOMOJIHEHUM BCEX 3JIEMEHTOB OIPEAEIUTENS paBHA CaMOMY
ONPEIETUTEITIO.

23. Vcnonib3yst CBOMCTBA OTNPEACITUTEINCH, IPOBEPUTH BEPHBI T PABEHCTBA!

ﬂb1+,001 bl Cl b+c c+a a+b a b c
a)|fo, +pc, by, Cy|=0; G)[n +C G+a a+b|=la, b cf;
Bos+pC; by Cy by+C; Catap @,+by |, b, ¢,

a;+bx a-byx ¢
as +bgX as —bgx c4

1 1 1
24. TIpoBepUTh, ASTUTCS JIX ONPEACITUTEIND | X y  z| Ha (X-Y), (y-2), (z-X).
x2 y2 72

25. PemuTh cucTteMbl JIMHEHHBIX ypaBHeHHU 1o dopmynam Kpamepa. Caenath

IIPOBEPKY:
2% — Xy — X3 =4, X+Yy+2z=-1 3u+2v+w=>5
a) {3xq +4xy —2X3 =11; 0)12x—y+2z =—4; B)<2u+3v+w=1
3% — 2%y +4x3 =11, AX+y+4z1=-2; 2u+Vv+3w=11
X; + 2%y +4X%3 —31=0; 2X+y—-2=2; y+3z=-1
T) 41Xy +5% +2%3—29=0; 1) {3x+y-2z=3; e) 12x+3y+5z2=3;
X3 — %o +3% —10=0; X +7=3 3X+5y+3z =6;
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X-COSax —Y-Sina —cos S =0;
X-Sina+Yy-cosa —sin f=0.

26. BEIYUCIUTD ONPEICTUTENHN Y€TBEPTOTO MOPSIKA:

1
-1

R PP ®W R~ e

27. BpluMcaUTh onpefenurens A, =

1

e

L

1
-1
-1

1

P W R R

1
-1

1
-1

Wk PR

0)

1)

3

7

3)
-5

1
-2
3
4

5

6

4
~6

2
1

—4
3

1

0

a
-1

7
3
3

-5

3

—4
-1
~2

0
-1

b
-1

pasjaaras €ro I10 3JICMCHTaM TpeTLGﬁ CTPOKH.

28. BeluucnuTh onpenenurens A, =

2
1
1
1

1

2
1
1

2 O 1 1 1
7 1 0 1 1
5;B)1101;
-4 1 1 1 O
4 11 1 1
3 1 2 3 4
o 9% 3 6 10
-1 1 4 10 20
-1 -1
-1 1
c al
1 O
1 X
1 vy
2 zl
1 t

pasjaras €ro 110 3JICMCHTaM YCTBCPTOIO CTOJ'I6I_[3,.

29. BBIYHCIUTD ONPEIETUTENh MAaTPHUIIBI YETBEPTOTO TOPSIKA:

d

1

0]
1
1

1

1
0
1

1
1
1

0]

30. Pemmuth cuctemsl ypaBHeHul no popmynam Kpamepa u meronom Iaycca:

X 2%, +3X%; — X,

(X, + X, + 2%, + 3%, =1;
X, =X, =Xy = 2%, =4,

2% +3X, — X, — X, = —6;

32

6) )

(2%, + X, — X, + 3%, = 20;

5%, — X, + 2%, — X, =17;
—3X, +2X, — X3, + 2%, =1,
X —X,+4X; — 2X, = —4,



X +3Xy +4X3 —2X4 = 2;

X, +3% — X, =10; —3X; — Xy —8X3 + 2X4 =4,

B) 1% 3%, +8X% — X, = 22; M)

2Xy — Xy +3X3 =4;
4x, + 2%, —3%, =11,

(12X +4Xy + 4Xg =3;

(3X+4y+2z+u =16
X+7y+ zZ +U=23
Il)<2x+y+32 +5u =10;
4x -3y +5z+6u =1,

31. TIpoBeputh, 4TO cUCcTEMa ypaBHEHUI:
2X1 —3Xy +4X3 —3%X4 =0;
33Xy — X5 +11X53 —13x, =0;
< 4X1 +5Xy —TX3 —2X4 =0;

\13)(1 - 25X2 + X3 +11X4 = O

umeet pemienue (1;1;1;1) u BBIYUCIUTE ONPEACIUTENb TOM CHUCTEMBI.

32. a) BerancauTh onpeaenuTens mAToro mopsaKa

5 6 0 0 O
1 5 6 0 O
As=[0 1 5 6 O
0O 01 5 6
0 00 1 5

0) CocraBuTh CHUCTEMY YpAaBHEHHUH, UId KOTOpPOM Ag €CTb OIpeaesUTeNb

CUCTEMBI, a CTOJIOEl (TPAHCIOHUPOBAHHBIN) CBOOOAHBIX YJIEHOB CJIEIYIOLIUN:
B=(1 2 3 4 5); B)BBIYHCIUTH X1, X2, X3, X4, X5 ¥ ClI€TATh MPOBEPKY.

33. ®upma coCTOUT U3 ABYX OTACJICHUI, CyMMapHasi BeTMYMHa NPpUObLIA KOTOPHIX B
MUHYBIIIEM TOAy coctaBuia 12 muH pyo. Ha »TOT roj 3amimaHupoBaH pocT
npuOsun nepBoro otaenenus Ha 70%, Broporo— Ha 40%. B pesynbrare
CyMMapHasi mpuObUTH JOJIKHA BhIpacTH B 1,5 pa3a. KakoBa BennunHa npuObum
KaXJ0TO U3 OTAECICHUMN:

a) B MUHYBIIIEM IFOAY;

0) B aTOM TOY?
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TecTt 1

0 2
1. Onpenenurens MaTpulbl A = _5 o | PaBeH:
a) |41=-10; 6)l4|=10;
B) |4 |=4; nl4l=o.

2. Ilpu nepecTaHOBKE IBYX CTPOK MATPHUIIbI ONPEACIUTENb ITOW MATPHUIBI:

a) yBenmuuBaeTcs Ha 1;  0) yMeHsbIaercs Ha 1;

B) MEHSIET 3HAK; ') HE MEHSETCS.
0o 1 3
3.0npenenurens Matpuiiel  C=| 2 0 4 paBeH:
-2 -1 -4
a) 2; 0) 4; B) -6; r)—3.

4. CoOBOKYHMHOCTb M x N JEHCTBUTENBHBIX YHUCEN, PACIOJIOKEHHBIX B BHJIC
NPSIMOYTOJIBHOM TaOJHUIIBI, TJIe M — YHUCIIO CTPOK, N — YKCIIO CTONOIOB (M #N)
MaTpHIIbl, HA3bIBACTCSI:

a) KBaJIpaTHOU MaTpuileii; 0) JUaroHaAJIbHOW MaTpUIIEH;
B) €IMHUYHOM MaTpULIEH; T) NPSIMOYTOJIbHON MaTpPULEH.

5. ITo popmynam Kpamepa pemidts cUCTEMY YpaBHEHUMN

X,  +2X, =-1
- 3% + Xy = —2;

X, +X, +X =L

B oTBeTre ykazarh 3HaUEHUE NEPEMEHHBIX X1, X2 U OIPEIETUTENS Ag,

6. Ecnu B kBasipaTHOM MaTpuIle BCe €€ AIEMEHTBI, CTOSIIINE HUKE U BBIIIE TJIABHON
JIMaroHajy paBHBI HYJIO, @ HAa TJABHOM JAMAroHaldu CTOST JIIOOble HEHYJIEBbIE
Yyycaa TO 3Ta MaTpUIla HA3bIBAETCH:

a) HyJIEBOI;
0) EIMHUYHON;
B) MIPSIMOYTOJILHOM;

I') IMaroHaJIbHOM.
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2 5 -8 4

3 -1 0 2
/.Bwmarpune A=|1 (0 (0 4 | TJaBHYIO IMaroHaiab COCTABISIOT
5 7 6 -1

anemMeHThl: a)4;0; 0; 5; 0)2; -1, 0; -1;
B) 2; 5; -8; 4; r)5;7;6;-1.
8. HaiiTu cooTBeTCTBHE MEXKTY YTBEPKICHUSIMU:
1) Ecnu 1Be CTPOKHM MaTPHIIBI
MIPOTOPITMOHAIIBHEI, TO a) HE U3MEHSCTCS;
OTIPEACITUTENb TOW MATPHUIIBI
2) Ecnu matpuity
IPOTPAHCIIOHUPOBATb, 0) paBeH HyJIIO;
TO €€ OIPEIEIIUTEIIb
3) Ilpu mepecTaHOBKE JIBYX

CTOH6I_[OB MaTpHUIbI B) HN3MCHUT 3HAK .

€€ OIpeEeIUTENb
9. CBs3p Mex Iy MUHOPOM M jj 1 anrebpandeckuM JIOMOJHEHHEM A jj K JIIEMEHTY
ajj BBIPAXKAETCS PABEHCTBOM:
a) Mij =Ai; 6) A=+ Mj;
B)Aij:(-l)i_j - M ij; F)Aij:(-l)i+j - M ij -
10. Cucrema Tpex JMHEMHBIX ypaBHEHUU C TpeMsi HEM3BECTHBIMU X, Y, Z UMEET
€IMHCTBEHHOE pEUIEHUE, ECIIN:

a) onpeaenuTeas cucteMel A=0;  0) onpenenutens cuctemMbl A#0;

B) A= A=A y=A ~0; r) A0 n A #0, 1 A y#0, u A ,#0.
1 2 4
11. Munop M;3 onpenenurens -5 6 1 PaBEH ...
0O 4 2

411 812 a3
12. Pasnoxenue onpemenurenss A =81 dpp  dpg

dz; dgzp; aszz

1) o HCpBOﬁ CTpPOKE a) A=aj1A11taAr +azAsg,
2) o IICpBOMY CTOJ'I6L[y 6) A=az1Az1tazpAzntassAss ;
3) mo BTOpOH CTpPOKE B) A=a13A13tas3Ar3+az3Ass;
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4) Mo BTOPOMY CTOJOIY ) A=Ay, Q1o tA2; azptAs; as;

5) mo Tperbeli CTpOKE n) A= a; A1 +aA1+azAss;
6) 1O TpeTheMy CTOJIOIY e) A= a1 Ax t+azAsntassAss.
a b
13. OnpeaenuteneM MaTpUIlbl A= c d Ha3bIBAETCS:

a) Tabauna; ©) 4ucio |4|=ad-bc; B) YKCIIO | 4| =b - ad;
T') YUCJIO | 4]=a-bd.
14. Ecnu muHop M= 4, TO COOTBETCTBYIOIIEE aNreOpandeckoe JOMoaHeHue A, ?
15. ®opmynsl Kpamepa aiis perieHuss CUCTEMBbI IBYX JTMHCHHBIX YPaBHCHHH C

ABYMsS HCU3BCCTHBIMU X M Y HMCIOT BUL:

_AX . _ Ay, _ A _AX Ay
aA)X=AXx; y=Ay; 0O)X=—;X=—,B)X=—;X=—, TI)X=;X=—,
) M ) A A ) Ay AX ) Ay AX

Bonpocbl ana camonpoBepkn no teme «Onpepenurtenwu
MmaTpuu. PewweHne cuctemM finHeMHbIX YPaBHEHUWN»
1. TloHsiTue MaTpUIIbI, BUIBI MATPHII.
2. [lewicTBUs HaJl MaTpUIIAMHU.
3. DieMeHTapHbIe MPeoOpa3oBaHUs MATPHIL.
4. OnpenenuTend MaTpull  BTOPOTO TMOPSAKA: ONpPENENIEHUE W MPABHIIO

BBIYHCJICHHU .

o

OnpenenuTeny MaTpUll TPETHErO TOPAJKA: OINpEACICHUEe U  MPaBUIIOo

BBIYHCIICHUS.

6.ITonsTre 06 ompenenuTesne MaTpUilbl N-ro mopsiaka. MUHOPHI U anredbpandeckue
nononHeHus. Teopema Jlamaca. Paznoxenne onpeaenuresns no CTPOKE UIv M0
CTOJIOIY.

7. OCHOBHBIE CBOMCTBA OINpEICTUTEIECH.

8. Pemenue cucreM nuHEHHBIX ypaBHEeHHH 110 hopmynam Kpamepa:

a) JIJIsl CACTEMBI JIBYX YpaBHEHUM, COIEPKAIIICH JIBE TIEPEMEHHBIE;

0) 151 CUCTEMBI TPEX YpaBHEHUMN, COAEpIKAICH TpU MEPEMEHHBIE;

B) JJI1 CUCTEMBI N ypaBHEHUH, coJiepKallieid N mepeMeHHbIX.

9. Meron l'aycca perieHus: CUCTEM JIMHEWHBIX YPaBHEHUH.
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2. QNEMEHTbI BEKTOPHOW ANMEGPLI

2.1. Heo6x0ANMbIN TEeOpPEeTUYECKUNA MUHUMYM
OcHoéHble nOHAMU A
Onpeodenenue 2.1. T'eoMeTPHYECKHM BEKTOPOM WIH IPOCTO BEKTOPOM
HA3bIBAETCS HAMPABJIEHHBIN OTPE3OK.
Onpeodenenue 2.2. JInunHou (MOAyjaeM) BEKTOPAa HA3bIBACTCS YHCIO, PaBHOE
JUTMHE OTpe3Ka, N300pakaroliero BeKTop.
e (0603HaYaIOT BEKTOP ABYMs OyKBaMU C YEPTOM M CTPEIKOW HaJ HUMH, IPUUEM
nepBass OykBa YyKa3blBA€T HA4aJl0 BEKTOpa, a BTOpas — €ro KoHel. Taxxe

BEKTOpP MOKET ObITh 00O3HAa4YeH OJHOW OYKBOHM JaTWHCKOro ajdaBuTa, T.C.:

a=AB , TJe TouKa A — Ha4yaJlo BEeKTopa, B — KoHell BeKTopa (puc. 2.1).
e O0o3HauYeHNE ATUHBI (MOIYJIS) BEKTOpA! ‘67 ‘ = ‘AB ‘

Buow 6exmopoes:

1. Ko/utnHeapHble — 3TO BEKTOpPHI, JIEXKAIME€ HA OJHOM MOpsIMOM WIM Ha
napajuiebHbIX OPSIMBIX (puc. 2.2).

2. Kommianapable — 3TO BEKTOpBI, JIeKalllM€ B OJIHOW IJIOCKOCTH WIIH B
NapajuieNIbHbIX MJIOCKOCTSAX.

3. PaBHbIe — 5TO KOJUTMHEAPHBIE, UMEIOIIUE OJMHAKOBBIC JJIMHBI U HAMIPABJICHHbBIC
B OJTHY CTOPOHY BEKTOpHI (puc.2.3).

4. IIpoTHBOMOJI0KHBIE — OSTO KOJUTMHEAPHBIE, UMEIOINE OJIMHAKOBBIE JJIUHBI U
HaIlpaBJICHHBIC B pa3HbIE CTOPOHBI BEKTOPHI (puc. 2.4).

S. HyaeBoi - 3T0 BEKTOp, Ha4ai0 KOTOPOr0 COBHAAAET C €r0 KOHIIOM.

6. OpT BekTOpA - 5TO BEKTOP, UMEIOIINN €IUHUYHYIO JJIMHY U COBIAAIOIIUM 11O

HaMpaBJICHUIO C JITAHHBIM BEKTOpOM (puc. 2.5).

e Opr BeKkTOpa A o603mauaror 7o .

F=a,[a

:ao-

e CrpaBeJyIMBO PaBEHCTBO:
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v

A a B .,
Puc. 2.1 Puc. 2.2
e e - _
r 0 a
—_— «— > >
Puc. 2.3 Puc. 2.4 Puc. 2.5

Jeiicmeusa nao 6ekmopamu:

1. Cinoxenue JBYX BeKTOPOB d U b OCYUIECTBIISIETCS MO  NPABUTLY

mpey2oabHuKa (puc. 2.6) Wiu 1o npasuiy napaiienozpamma (puc.2.7).

Sl
o

Puc. 2.6 Puc. 2.7
2.Ci10:keHHe HeCKOJbKHUX (00yiee 4YeM JIBYX) BEKTOPOB BBHITIONHSCTCS 10 APAGULY

MHoz2oyeonvHuka (puc. 2.8).

S|
o

a+b+n+d

Puc. 2.8
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3.BblunTanue ABYX BekTopoB  u D onpenensercs kak jeiictBue, o6paTHOE

cioxenuto (puc. 2.9).

e BruuTanue IByX BEKTOPOB MOXKHO OCYIIECTBIATH IOCPEICTBOM CIIOMKEHUS
rac: 4= D =d+ (—0) e (=b) - BekTop, MpoTHBONONOKHKI BekTOPY
b (puc.2.10).

4. Tlpu ymHoxenmm Bekropa d wHa umcno K momyusaercs Bektop D |

KOJUTMHEAPHBIH ¢ BEKTOPOM d W MMEIONIMIA JUIMHY B K pa3 Oosblie, yem |67 | .

OTOT HOBBIU BCKTOP b HMCCT OAMHAKOBOC HAIIPABJICHHC C BCKTOPOM a,

ecu K> 0, u mpoTtuBomonoxHoe — ecmm K <0 (puc. 2. 11).

a ka (k<o)
' b ka (k>0)
Puc. 2.9 Puc. 2.10 Puc. 2.11

Hpoekuuﬂ 6eKmopa Ha 0Cb

Onpedenenue 2.3. Cocrapasiiomeii Bektopa AB  no ocu | HaspBaeTcs BekTOp

AB,, Hauamo KOTOPOro €cTh MPOEKIHS TOUYKH, a KOHE — IPOCKIHS TOYKH B
(puc. 2.12, 2.13).

e (O003HaUYECHHME COCTABIISIONIEH BEKTOpa AB =a va och | : Cocmgé 1580071
cocm, AB
/A
A B
A BT B, Al >

Puc. 2.12 Puc. 2.13

39



e Ha puc. 2.12 noka3zaH ciyyaid, KOIJa HampaBJICHUE OCH COBHAJAET C
HANpaBJICHUEM COCTABIAIONIECH, a HAa puc. 2.13 — korma HampaBlIEHHUE OCH
MPOTUBOIIOIOKHO HAMPABIIEHUIO COCTABIISAIONICH.

Onpeodenenue 2.4. Illpoeknueil BeKTOPpa HA OCh HA3bIBACTCS YMCIIO, PABHOE
JUIMHE COCTaBIIAIONIEH IO JTOW K€ OCH, B3ATOE CO 3HAKOM IUIIOC, €CIIU
HaIpaBJeHUs] OCH U COCTABJISIONIECH COBIAIAalOT M CO 3HAKOM MHUHYC, €CIId 3TU

HarpaBJICHUA IIPOTHUBOIIOJIOKHBI:

/ cocm al, eciu nanpasnenus a u | coenaoarom,
np a=
pl L o (2_1)
—/cocm al, ecau nanpaenenus a u | npomusononooicbi.

e (O6o3HaueHUe MPOESKIIMN BEKTOPa AB =d maoch |:
np, A8 uwm Npa.

Ceéoiicmea npoeKuyuu é6ekmopa Ha 0OCob.

— N

-cosl a;l [;

[EEN
o

: np,az‘a

2. Np, (51+52 +...+5n)= Np,a: +Np,az +...+Np, an;
3 npka=Kk-np,a (k=_const):
4°. cocm a = lo NPy A& (rme ly— opr ocu I);

5 ccn @ L1, o NP, A =0.

Teopema 2.1. JIro0oit BekTop @ MOXET OBITh Pa3ioXeH, U MPUTOM €IMHCTBEHHbIM

00pazoM, TIO JISKAPTOBY MPSIMOYTOITEHOMY OasvCy 1, ], 3 , T.€. JIISl K&KJO0TO BEKTOpa

a Haupercs, ¥ NPUTOM EIUHCTBEHHAs, TPOMKA 4ucen X, Y, Z Takas, 4To

CIIpaBCaAJIMBO PAaBCHCTBO!

a=X-i+y j+z-k
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e Yricna X, Y, Z Ha3bIBAKOTCS OEKAPMOBLIMU NPSIMOY20TIbHLIMU KOOpOUHamamu BeKTopa

(WM TIpOCTO KoopourHamamu BekTopa ).

Teopema 2.2. JlekapToBbI MPSIMOYTOJIBHBIE KOOPIMHATHI X, Y, Z BEKTOpa (' paBHBI MPOCKLKSIM

sroro Bektopa Ha ocrt OX, OY 1 OZ cooTBETCTBEHHO:

X=NPpoxa; Y=Nps a; Z=nNpy,a. (2.2)

e [Ipoekiuy Ha OCH KOOpJMHAT BeKTOpa d = AB ,Tne A (x1, v1, 21,), B (X2, V2,

Z,) paBHBL: X =Xp; —X1, ¥ = Vo— W1, Z = Zp — Z;. 3HaYUT, MOXKHO 3amKcaTh: d

=(x2—x1) i + (V2—)1) ] +(22-121) E

e JlelicTBUsl HaJ BEKTOpAaMH, 3aJaHHBIMA CBOMMH MPOCKLIMAMHU (KOOpPJMHATAMHU)

a =(x1, Y1, 21), 6 = (x2 Y2, 22) :

1) croocenue Bexropos: A + b = (x1F X2, y1+ 2, 21+ 25);

2) evluumanue BeKTopoB: A — b- (X1— X2, V1 — V2, Z1— Z);

3) ymuoxxenue Bekropa ¢ Ha umcimo K: ka = (kxy ; Ky; ; kzy).
Ckanapnoe npouzeedeHue 6eKmopoes

Onpeodenenue 2.7. CkaJspHbIM NPOU3BEJCHUEM JABYX BEKTOPOB Ha3bIBACTCS

YHUCJIO, PpPaBHOC TIPOU3IBCACHHUIO HX OJIHMH Ha KOCHHYC YyIJIa MCXKIY HHUMMU:
b -cos(a;b). 2.3)

Onpeodenenue 2.8. CkaJsipHbIM NPOU3BEJEHUEM JABYX BEKTOPOB HAa3bIBACTCS

a-b-|a

YUCJI0, PaBHOE MPOMU3BEICHUIO MJIMHBI OJHOTO W3 HUX Ha MPOCKIUIO APYroro

BCKTOpPa I10 HAIIPpaBJICHHUIO IICPBOIO:

a-Bz‘a‘-npat_):‘t_) -np;a. 24)
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o I3 OTpeICIICHUS 2.8 CIEYIOT CIEAYIOIINE bopMyIbL:

np—sz'B' np—azﬁ.
a ‘a‘ " (2.5) b ‘b‘ (2.6)

e Ecimm BCKTOPLI 3aJJaHbl YCPC3 KOOPAMUHATHI B IleKapTOBOﬁ CUCTEMC KOOpAHHAT

a =(x, y1, 2y), b = (X2, V2, Z2), TO UX CKAJSIPHOE IPOM3BEICHHUE OIPEICIACTCS

KaK CyMMa HpOHSBe,ZIeHI/Iﬁ OJHOMMCHHBIX

KOODMHAT: a-b=xX,+Yy1Yo +21Z, . (2.7)

Ceoiicmea ckanaprHozo npou3eedeHus:

10. Ecan a )51 b — HCHYJICBBIC BCKTOPEI, TO a . b =0 TOJILKO B TOM ClIy4dac, C€ClId

aLE.

0 o
2. I[JI?I JIFOOBIX BCKTOPOB a )51 b BBIIIOJTHACTCA IICPCMCCTUTCIIBHBIN 3dKOH, T.C.

a.b=b.a.

3°. Jlnst mo6six BektopoB ¢ b BBITIOJIHACTCS paCIpeAeIUTEeNbHBIN 3aKOH, T.€. (

4+b)C =0 C+b .

4°, J11s1 TF0OBIX BEKTOPOB a , b U YHucCJlia i BBITIOJIHSETCS COUETATSIIbHBIN 3aKOH

OTHOCHUTEIILHO YUCIIOBOTO MHOXHTENS, T.¢. (a4 b YA=d (b A ).

2_ 2 y
5°. Ilnn mo6oro sekropa @ crmpasemmmso: @ %=| @ |? (ckanspubiii kBagpar
BEKTOPA).
OcHoeénble hopmynnl

1. a) duuna Bextopa @ = (x,y; 2):

|a|:\/x2+y2+22. (2.8)

0) JlnnHa BeKTOpa AB , e A= (x1 ;y1; 21); B=(x2,y0; 20)

| AB 1= (x, - %) +(r, - 1) +(z, -2, (29)
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2. Hampagusirorue KocuHychl Bektopa @ =(x ;y; z):

X
coSa = — ;. COSﬂ=l; COSy = =. (2.10)
Al g |

e B dhopmynax (2.10) oo — yroa HakJIOHA BEKTOpa a x ocH 0)¢

[ — yroi HakJIoHa BekTopa & k ocu OV,

¥ — yToJ HaKJIOHa BeKTopa a K ocu OZ.

3. CBsi3b MKy HAIPaBJISIONIMMH KOCHHYCaMH BeKTOpa ¢ BhIpa)kacTcs
TOKIECTBOM: cos?a+ cos’B+ cosy=1 . (2.11)

4.Vron ¢g=( a " b) Mexay BeKTOpaMu a = (x1 ;v1; Z1) ¥ b =(x2,¥2; Zo)

a-b X1 X ¥ V1V + 2,2

CoS @ = |§ ‘5‘ = \/X12 +y12 . 212 -\/xzz +y22 N 222 : (2.12)

5.YcnoBue napanineabHOCTU (KOJJIMHEAPHOCTH) BEKTOPOB a= (x

V1, 21) U b =(x2,32; 22):

b=ka (k- mocrosuas) (2.13)
VI
Yo _ Yo _ Ly
X, - Y, B Z, B (k — mocrostHHas). (2.14)

6. YcioBue neprneHIUKYISIPHOCTH (OPTOTOHAIBHOCTH) BEKTOPOB  a = (X1 ,V1;

Z1) u Bz(xz,'yzi 2,):

a- b=0 (2.15)
170071
X1X7 +y1 vot+ 212,=0. (2.16)
7. Koopauuats! Toukn M(x;y;z) cepenuunl Bektopa AB | rie A= (x1,91;
21) u B =(x2,)2; 22):
o atx Nty o 4th
X=T o YT, i IET (2.17)
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7.Koopaunate! Toukn M=(x,y,Z), NeNsmeii BEKTOp AB 8 ornOWeHNN i =TS

M8
(roe A(x1 ;y1; 21), B(xz ;325 22)):
Xy + Axy v+ Ay 2 + Az,
x= =t a2, o 2L (2.18)
1+ 4 1+ 4 1+ 4

2.2. Npumepbl peweHNsa TUNOBbIX 3a4au

3agaua 2.1. B tpeyromsauke ABC Bextop AB = u Bextop AC =b.
a+b  z-b b-a —(a+b)
[TocTpouts cieayromme BEKTOPHI : X X X .
2 2 2 2
Pemenue. [1ycts nan tpeyronbauk ABC (puc.2.15).
a) ITpu HaXOXKJICHHUN CyMMBI BEKTOPOB a + b B
OyZeM MOIb30BaThCS NPABUIOM NAPALle- a /\
noepavma. Torga ajiMHa KCKOMOTO A b C >
a+b

BEKTOpA paBHa MOJIOBUHE Puc. 2.15

JMaroHaiy napajuieJorpaMma, HOCTPOEHHOro Ha BeKTopax d u b

(puc. 2.16 (a)), T.c. atb =AM :

Puc. 2.16
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a—-b

0) Bextop pacnosioxkeH Ha ctopoHe BC 3aJaHHOTO TPEYTOJIbHUKA C

2
HayayioM B Touke C U ¢ KOHIIOM B Touke M — cepeariHe cTopoHbl AB (puc. 2.16(0)),
- 5 —_—
Te. =CM
2
b-a —@-b)
B) Bekrtop 5 = T 5 T OHPABEH IO JUIMHE BEKTOPY, OCTPOCHHOMY

B nyHkTe (0) MaHHOM 3a/lauyd, HO MPOTHUBOMOJIONKHO HAIpaBIEH, T.€. €ro

HayajoMm SBJIETCS Touka B, a koHIIOM — Touka M (puc. 2.16(B)). IloaTomy

b-a_B.
2

—(a+b
r) BekTop % PaBEH M0 JJINHE BEKTOPY, OJyYEHHOMY B ITyHKTE (a) JaHHOU
3aJ]a4M, HO TPOTHBOIIOJIOKHO HAMpPAaBIIEH, T.€. €r0 HAYaJl0 HAXOJIUTCS B TOUKE
M, a xonen — B Touke 4 (puc. 2.16 (r)). Urax,
—(@+b) —
T = MA . OtBet. Puc. 2.16 (a, 0, B, 1).
3agauva 2.2. Jlans! Bextopsr @ =(3;-1), b =(1:-2), ¢ = (-1;7).

|. Haiitu: 1) koopauHaThl BekTopa d =a+h+¢
b

2) IJIMHBI BEKTOPOB a, b, d;
3) cKaNApHOE TPON3BE/ICHNE BEKTOPOB ¢ U b
4) yros MexJ Ty BeKTOpaMH a 1 b
Il. Pa3noxuTh BeKTOp d 110 BEKTOpaM a H b
1) AHAITUTUYECKH; 2) TEOMETPUUECKU;
Pemennue.
I. 1) ITo mpaBuiTy ClI0)KEHHS] BEKTOPOB, 3aJaHHBIX KOOPJAUHATAMH:
d=a+b+7= (X,F Xt X0, Vo Vs Tv)=(3+1 —1; -1-2+7) = d =(3;4).

2) JITMHBI BEKTOpOB a; b; d Haifmem no dopmyie (2.8):

|a \V Xa +ya =43 +(1
2 2
b|= \/xb +J/b = 1%+ (=2 f \J\=\/xd T V4 = 32+42=5,




e T.K. IO yCIIOBHIO BEKTOPHI 3aJaHbl Ha IUIOCKOCTH XOV (a HE B MPOCTPAHCTBE
XOVZ), To B ucnonbzyeMbix hopmyiax cuutaem koopaunary z=0.
3) ITo dopmyie (2.7) cKaTapHOE MPOU3BEACHHE BEKTOPOB a M h PABHO:
a-b=xxp +yayp =3-1 + (-1)-(- 2)=5.
4) TIo dopmyie (2.12) yroa MexIy BEKTOPaMHU a U b OIPeIeNseTcs PaBeHCTBOM:

o a-b 5 5 1 2
s V0 5 S5 2 N2 T 2

J2

Torma: (a”b)= arccos - = 45°.

Il. PasoxkeHue BekTopa d 10 BEKTOPAM a W b WMEET BHI:

d=xa + yb (*), THeX, y— 4UCIOBBIC MHOKHTEIIH.
1) Onpenenum x U y aHaIumMuyecKu.

B4 =x@; -1 +y(1;-2) = GA=06x;—x)+(;-y) =

3x+y=3,
B4)=0CBx+y;, x-2)) = _x—2y=4
Ax Ay

Permm nomydennyto cuctemy no popmynam Kpamepa: x= R N

A 3 1 :. 3 1 10 B 3 3 15
e BT\ g T T T T g T

-10 15

Torma x = _—5:2; y = _—523. [ToxcraBuB HaiijieHHbIE X U Y B BhIpaxeHue (*),

IIOJIyYMM MCKOMOE Pa3iloKeHUe: d=2a-3b .
2) T'eomeTpuuecku paznoxenue Bektopa d mo BexTopam a u D ects amaronans

napajuiesiorpaMma, IOCTPOEHHOTO Ha BEKTOpax 2¢ u -3b (puc. 2.17).
Y

v
O

. Puc. 2117 o
Omer. 1.1) d =3;4), 2)[a|=y10; |b|=y5 |d|=5; 3)a.b=5;

4) (anb)=45°. 11.1) d =2a-3b; 2)Puc.2.17.
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3amauya 2.3 JlaHbl YeTHIPE BEKTOpA: a=i+2j+3k: 6:—2i_+3j—2|2; C =

3i—4j-5k: d =6i +20] +6k . Tpebyercs:

1) pasnoxwutb Bektop d 10 BekTOpam 4, b C:

2) HaWTH JUIMHY U HaIpaBJICHUE BEKTOpa m =26 — 5;

3) BBIYHCIUTH MPOCKITUIO BEKTOPA C ma Bextop M ;

4) onpenenuTh, NpU KakoM 3HadeHuu A Bektop (M -1 ¢ ) nepneHmukynspeH
BekTopy M .

Pemenne. 1) ITo ycnosuro 5=(1; 2; 3); 6=(—2; 3;-2); C =(3;-4;-5); d = (6;

II0 BCKTOpaMm a, b, C HNMCCT BHUA:

Q|

20; 6). Paznoxenue BeKTOpa

d =xa+ YB +2¢ (*), (rmex, y, Z—u4uncna), HOITOMY:
(6; 20; 6) = x(1; 2; 3) + y(-2; 3; - 2) + 2(3; —4;-5).
[To mpaBunam IEMCTBUM HAJl BEKTOPAMH, 33JaHHBIMH KOOPJAUHATAMH, ITOIY4YaAEM:
(6;20;6) = (x—2y+3z; 2x+3y—4z; 3x—2y—52).
[IpupaBHMBas COOTBETCTBYIOIINE KOOPAUHATHI CIIPaBa U CIIEBA, ITOIYYUM CUCTEMY

x— 2y+ 3z= 6
2x+ 3y— 4z= 20,

YPaBHEHUM:
3x— 2y— 5z= 6
Ax Ay Az
KOoTOpyto pemmm 1o hopmynam Kpamepa: x = X N y:X ; Z:X'
1 -2 3 6 -2 3
31ecs: A= 2 3 -4 —58; Ax=120 3 —4-_ 464:
3 -2 -5 6 -2 -5

1 6 3 1 -2 6
Ay=|2 20 —4{=_232: Az=|2 3 20/=-116.
3 6 -5 3 -2 6
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:ﬁﬁzg; ::Eg:4 Z::EE:Z
— 958 — 58 — 58

[loncTtaBuB HalicHHbIC 3Ha4YeHUs X, Y, Z B pasinoxeHue (*), moaydum:

Torma: X =

d =8a+ 4b + 2c.

2) Haiiném BekTop E: 5226—522(—2;3;—2)—(1;2;3): =(-4; 6;
~4)—(1,2;3)=(-4-1,6-2;, ~4-3)=(-5;4,-7).

Imuny Bexropa M naiiném mo dpopmyie (2.8):

M =x,0 4y, +2,° =(-5)2 +47 +(-7)? =/25+16+49 = /90 = 3. 10,
Haripasienne BEKTOpa M yKaeM ¢ IOMOIIbI0 HANPABISIOMAX KOCHHYCOB. I1o
dbopmyze (2.10) nomydaem:

7

CoSq@=——; C0Sf= COSy = ——=.

4
310 310 3V10

3) IIpoekiuto BeKTOpa C Ha BEKTOP M BBIYKCIAM 10 dbopmyne (2.5).
— _¢c-m
npac _ ‘E‘ ' TIe

C-M=X, X, +Y. Y, +2.2, =3-(-5)+ (—4) - 4+ (-5) - (-7) =—15-16+35=4;

_ 4
mi =3-+/10 < . np—C = ————.
‘ ‘ V1U (maiineno Beime). Toraa nomydaem: P 3.0

4) Ecnu Bektop (ﬁ—/lc_:) NEPHEHAUKYJIAPEH BEKTOPY m, To no VCA08UIO

nepnenouxyiapuocmu BeKTopoB (B popme 2.15) moaydaem:
(m—.4c)-m=o.
[To pacnpenenuTeIbHOMY 3aKOH CKaJISPHOTO MTPOU3BEACHUS NUMEEM:
(m—4c) m=m-m-Ac-m=m"—(cm)=0.
Jlanee 10 CBOMCTBY O CKaJIIPHOM KBaJIpaTe BEKTOPA MOIyYaeM:

m? =|m|” = (3«10} = 90.
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B pesymbrare, yantbiBas, uto €M =4 (cm. 1. 3 manHoii 3anaun), nmeem: 90 — 4

- :»41:90:»1:9740:»#22,5,

OrBer. 1) d=8a+4b+2c; 2) ‘ﬁ‘zsx/ﬁ;com:—i'cosﬂ:i

310 3410

7 - 4
= 3 C=——: 4) 1=22p5.
oSy 3\@ ) Pm 3\/ 10 )

3agaua 2.4. [IpoBeputh KOJUTMHEAPHOCTHh BeKTOpoB a=(2,—13) u b=(-6;3,-9).
YCcTaHOBUTH, KaKOW W3 HHUX JJIMHHEE APYroro M BO CKOJIBKO pa3, Kak OHU
HaNpaBJIEHbl — B OJHY CTOPOHY WJIK B IPOTUBOMOJIOKHBIE CTOPOHBI?

Pemenmne.

1. Venosue xonnuneapnocmu nByx BeKTopoB (hopmyna 2.14):

X2 _Y2_22

X N 4

IIpoBepum ero:

X, Xy _ 2 1 Yo Y. 1 z, 1 3 1
X, X, -6 3 Y, Y, 3 z, z, -9 3

CrnenoBatesibHO, BEKTOPBI KOJJTMHEAPHBIE.

2. JITMHBI BEKTOPOB aub HaiieM 1o hopmyie ?

\5\=\/22 4992002 =\14; |b| = V/?22+ 22+ 27 = 3414

Haiinem oTHOIIEHHE AJIMH 3a]IaHHBIX BEKTOPOB:

H = @ =3= BEKTOD b nnunnee BEKTOpa a B TpH paza
o V14 '

3. Bektopel a u b HampaBieHbI B TPOTHUBOINOJIOXKHBIC CTOPOHBI, TaK Kak
OJTHOMMEHHBIE KOOPIMHATHI UMEIOT TIPOTHUBOITOIOXKHBIC 3HAKH.
OtBeT. a||b; BekTop b mmHHEE BeKTOpa a B TpW pa3a; HaIPaBJICHbI BEKTOPHI B

IMPOTHUBOIIOJIOKHBIC CTOPOHBI.
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3agaua 2.5. Jlan tpeyronpsauk ABC ¢ Bepmmnamu A(—1;5;1), B(1;1;-2), C(-3;3;2).
Tpebyercs:

1) Omnpenenuts BHYTPEHHUI U BHEIIHUH yTiibl ipu Bepiuae C.

2) BpramcnuTs auHy MeauaHbl AM.

3) Haiitu Touky O nepeceueHust MeauaH Tpeyroibauka ABC.

Pemenne. 1) a) Haiinem BHyTpenHuit yron AABC upu Bepumue C, T.e.

ZLACB . U3 ueprexa (puc. 2.18) Bumno, uto LACB ects yron mexuty

Bekropamu CB  w CA.. Hailizem KOOpIWHATBI ~ 3THX  BEKTOPOB:

CA= (Xa=Xc:Ya—Yei1Za—2c) =-1-(-3);5-31-2) = CA= (2; 2;-1);
CB = (Xg =Xc3Ys = YeiZg —Z¢) =-1-(-3); 1-3-2-2) = CB = (4,-2,-4).
C

M

B A

Puc. 2.18

Yron Mexay BEKTOpamMu C_A U E Haiaém no dopmyne (2.12):
XX + V1Y, + 47, _
\/)(124')’12"'212 '\/)(22"‘3/22"'222 )
24+2:(-)+(-)(-4) § 4 .
= NN :E=§, trorna ZACB =arc cos P’

cos(£ACB) = cos(CA*CB) =

0) Buemnuii yron npu Bepumne C (ZAC D) MOKHO HaWTH JBYMS CITIOCOOAMHU.

| cnoco6 — mo omnpeneneHUIo: BHEIIHWM yToOd-3TO YTOJ, JOTOJHSIOMIUNA 10

Pa3BEPHYTOrO yIjia COOTBETCTBYIOLINN BHYTPEHHUN YTOJI, TO €CTh

ZACD =7 — arccosg.
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Il cnoco6. Buemnuit yron npu Beprmnae C o0pa3ylOT BEKTOPHI AC u CB,

AC-CB AC =—CA = (-2;-2;-1);
€0s ZACD = ———=— 31ecs

|acllce” M cB - (424

TOorga

Ac|-+-cA-3

@‘:6; AC -CB = -8.

Tostomy €0S ZACD = 1—5 = —g = ZACD = arccos(— gj =7 - arccosg.

1) Haiinem nnuny menuansl AM. CHauyana onpeieianuM KOOPAWHATHI TOYKu M

Xc +Xg —3+1 _
o ¢popmynam (2.17): Xm = = =1
2 2
Zc +2 2+(—-2
Yy =3¢ ZyB =3;1=2; 2y =08 = +g ) 20, Yirax, M(_1; 2.0).

[To popmymne (2.9) monyunm:

‘AM‘:‘W‘:\/(XM _XA)2 +(u +ya) (2 —2,)° =

= (1~ (-9 +(2-57+(0-1 =J0+9+1 =10 = |AM| =10,

3) Touka O mnepeceueHHss MeAWaH TPEYTOJbHUKA JCIUT JIOOYI0 MeauaHy,

Hanpumep AM, B oTtHomenun A=2/1=2 (cuuras ot Bepmmubl).Torma 1o

Xoa +AXy,  =1+2-(-1) _

‘X, = = -1
dbopmyie (2.18): X, 144 142
Yat+tAyy S5+2:2 z,+1z,, -1+2-0 1, 1
= = :3, ZO e = =—, e. -1:3: ).
Yo =012 142 1+ 112 3 TeOtLs3)

Ortser. 1) arccosg;n —arccosg; 2)4J10;  3) (—1;3; %)

3anaua 2.6. ®upma m3roraBnuBaeT 4eThipe Buma npoaykouu Py, P, P;, P, B
kommuectBax 50, 80, 20, 120 emumnun. Ilpm 3TOM HOPMBI pacxoja ChIPbA
COCTaBIISIFOT COOTBETCTBEHHO 7; 3,5; 10; 4 kr. HaliT cymMapHBIi pacxo/ ChIpbs U
€ro M3MEHEHUs IIpU U3MEHEHUAX BbIlycka npoxykuuu P;, P, Ps3, Py

COOTBETCTBEHHO Ha +5, — 4, — 2, +10 equnuI.
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Pemennue.
1. ITycte BekTop BhIMycka mponaykmuu X = (50; 80; 20; 120), a BekTop pacxona
ceipbst ¥ = (7; 3,5; 10; 4). Torna cymMmapHBI pacXoJ ChIPbS S €CTh CKaJIAPHOE

IPOU3BENEHUE BEKTOPOB X U ), T.€..

s=X-y=50-7+80-35+20-10+120-4 =1310 (x2).
2. BexTop BbIITYCKa NPOIYKIIMU C Y4ETOM U3MEHCHMUS:

X = (50+5; 80—-4; 20—2; 120+10) = (55; 76; 18; 130).

Toraa cyMMapHBIi H3MEHEHHBIH PACXOJl ChIPb:
S =X -y=55-7+76-35+18-10+130-4 =1351(x2).
3. I3MEHEHHEe CYMMAapHOTO PACX0/a ChIPbSL:
AS =5, —s=1351-1310=41(x2)

Oteer. s=1310 (xr); AS =41 (x2).

2.3. 3apaum onA cCaMoOCTOATEeNbHOro peweHuns

34. Tlo maHHBIM BEKTOpam aub NOCTPOUTH BEKTOPBI c=2a+b u H:E_I—E,
ecln ‘5‘= ‘5‘ =2, (5, "5) = 45° . Haiitu ;utuHy BeKTOpa C.
A h A 2
35. Mycts Bextoper &, 0,C  cocrasmsmor ¢ ocpio / yrumi %,?ﬂ.,ﬂ

cooTBeTcTBeHHO. Haiitm mpoexumio Ha och ¢ Bektopa 2@+3D—C, ecmn

‘5‘ =4; ‘5‘ =1,

c/=2.
36. I[Toctpouts Touky M(5; — 3; 4) u onpeneUTh NJIUHY U HAMPABJICHUE €€ PaIuyC

2

— BekTopa. IIpoBepurs paBeHCTBO COS ™ & + cos® B+ cos’ y=1

37. Hanbl Toukun A(2;6), B(3;6). Onpenenuts:

a) KOOPJIMHATHI CEPEIMHBI BEKTOpa AB — toukn M;
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0) koopauHatbl TOYKM N, nensmer BeKTOp AM & orsomenmn 1=
|[AN|/|NB| =3/2.

38. JlaHbI BEKTOPEI O_A=5.=2i, OB=b=3j+3j, OC=C=2j+6].

Tpebyercs: 1) Haittu qymiHbI BeKTOpOB 4, b, C.
2) Pa3mokuth BEKTOP C 110 BEKTOpaM a M b reoMeTpUYSCKU U aHATUTHUCCKH.

39. Jlaubl TpH BEKTOpA: a=(2,-2), b=(2-1),c = (2:4). Haiitu KOOPIUHATEI
BEKTOpA B = 25- — 6 + 6 Y PA3JI0KUTh €rO0 110 aub.

40. HaiiTu ipu Kakux 3HAYCHUIX A U U BEKTOP 5- = 5i - 3] + ﬂR rapajuiesicH
BEKTOPY 6 = U j7+3°]—4-R.

41. BplUUCIUTH CKaJSPHOE MPOU3BEICHUE BEKTOPOB aub, ecmn a= 2_p — a,
b= 3l_3 - Za, rae E, a - ©IMHUYHBIE BEKTOPBI, a Yroll MEXIy HHUMHU
a =(p"g) =60"

42. JlaHbI BEKTOPBI aub, npuyeM ‘5‘ = \/E; ‘5‘ = 015; (a/\ 6)2%

Haittu, npu kakoM 3Ha4eHUHU A BEKTOP (5 - /Ib_) OyJeT NepneHANKYJIIpEH: a)
BEKTOPY a, 0) BEKTOpY b.

43. HaiiTi mpoexIuio BeKTopa a=i+ ] +2k Ha BEKTOp b=i— j+4k U mpoexiuio
BEKTOpa b Ha BEKTOP a.

44. ]JlaHbl BEKTOPBI 5:(3;—1;—1) u b= (1; 3; 5). HaiiTu npoekuuio BEKTOpa
6235—26 Ha BEKTOP |_=5.+5.

45. HaiiTu yrosn Mexay BEeKTOpaMHu a=2i- 2] +k u b=4i- ] —k.

46. TIpu xaxom 3Hadennn k Bexrop @ = (5;K;6) neprennukymspen Bexropy

b = (k;-31)?

53



47. an tpeyronsuuk ¢ Bepmmaamu A(—2;3;1), B(—=2,—1,4) u C (-2
—4; 0). TpebyeTcs:
a) OTPEICNIUTh €r0 BHYTPEHHUHN U BHENTHUH YIIibl IpH BepmmHe C,
0) HallTH JIUHY MeuaHbl AM,
B) BBIYHCIIUTH KOOPAUHATHI TOukH O TepeceyeHuss MeuaH;

I) clenaTh YepTeK.

48. HaiiTu BekTOp X, KOJUJIMHEAPHBIA BEKTOPY 5:(2;1;—1) U YIOBJIETBOPSIOLINI
YCIIOBUIO x-a=3.

49. JlaHbl YeTHIpE BEKTOpA: 52(2;1;0), b=(1;-1;2), c=(2;2;-1), d= (3,7;-7).
Pa3noxuts BekTOp a 1o BEKTOpaM b,c,d.

50. Tlpeampusitue BBIMYCKAET TPU BUAA MPOTYKIIUU P]_l PZ, P3 B KOJINYECTBE

30, 40, 50 yCcIOBHBIX €IMHHI] COOTBETCTBEHHO. HalTu BBIpYUKYy NpeanpUsITHS

OT pcaim3al NPOAYKIHNN U €€ M3MCHCHUC IIPU MU3MCHCHHUHN LCH ITPOAYKIHNHN

Pl, PZ, P3 COOTBETCTBEHHO Ha 15, -3, +2 yCIOBHBIX €IMHUII.

51. Ilo pganueIM BekTopam &, b, C (puc. 2.19) mocTpouTs Kakaplid U3

CIIETYIOIUX BEKTOPOB: b
_ _ = 6 /
1) a+2b; 2) b_E; c .
a+b+c - b - _
B)Q; 4) 4a—9+c. a
3 3 —
Puc. 2.19

52. HaiiTu niHy BeKTOpa a=2i+ 3] — 6k 1 ero HaIIpaBJIIOIIME KOCHHYCBHI.

53. Haiitu npoekiuio BEeKTopa a Ha OChb 4 , €CJIM JITMHA BEKTOpa a paBHA /3, a

YTOJI MEXY OChIO U BEKTOPOM COCTABJISIET 30°,
. = /4
54. Haiitu myMHY BEKTOpa @, €CJId YroJl MEXIy HUM U OChIO PaBEH 2 a

MPOEKIMA €T0 Ha 3Ty OCh paBHa 9.
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55. Onpenenuts Hauano M BekTopa b=MN =(5;8;7), eciy ero KOHel| COBHAAET
¢ Toukoit N(—1; 3; 3).
56. Ha mmockoctn XOV nanbl Touku A(4;2), B(2;3),C(0;5) m mocTpocHsBI

exktopet OA=a; OB=Db; OC =C. Pasnoxurs  aHamMTHYECKH |

IF€OMCTPHYCCKH BEKTOp d II0 BEKTOpaM b n C.

57. Haus! Touku A(2; ;0) u B(0;—2;5). IToctpouts Bextop AB u maiitu:

a) ero JJTMHY U HallpaBJICHUE;

6) xoopmuaThl Touku C, nemsmeii Bekrop AC B oTHOMIEHNN 3/2.
58. Jlanbl TpH BEKTOpA a=(3;-1), b=(1:-2), c=(-1;7). Haiiru:
a) KOOPMHATHI ¥ JUTHHY BEKTOpa P = a+b+c;

0) pa3noXUTh BEKTOp P IO BEKTOpaM & M D aHAIUTUYECKH U TEOMETPHUYECKH.

59. Bektoper a u b o6pasyror yron (DZ?. 3Has, 4TO ‘a‘:ll, ‘b‘=4,

BBIUHCIIUTH CKAJIIPHOE IPOU3BEICHUE BEKTOPOB (25 + 35) u (2a - 6) ,
60. Onpenenuts, npu KakoM 3HaueHuH (X BEKTOPHI c=3a+ab ud=a-2b
OyayT B3aMMHO NEPNEHAUKYJISPHBI, €CITU ‘5 ‘ =7+:/2 ; ‘b ‘ =4, (a™b)=n/4.
61.JlaHbl  BEKTOPEI a =3i—6]+E, 6=i+4]—5R u 6=3i+4]+2k_
Tpebyercs:
1. HaHTH KOOPAMHATHI U JJTHHBI BEKTOPOB (a+c) 1 (b +c);
2. BBIYUCIHTH CKAISPHOE PON3BEIcHNE BeKTOpoB (a+c) 1 (b+c);

3. HaiiTH IpoeKIMIo BekTopa (a+c) Ha BekTOp (b+cC);

4. waiiti poeximio BekTopa (b +c) Ha BekTOp (a+¢).

62. Haiitu npoekiuio Bektopa AB  na Bekrop CD , eciu usBecTHbI TOUukH A(2;-

3;4), B(5;-5;-2), C (1;2;3), D(7;4;6).

63. Haiftu yros mexay BEKTOpamu a= 6i—8]+5°\/2°E u 6=2i—4]+\/§0E
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64. Ilpu Kakux 3HaYeHUSX & ©u [  BEKTOPEHI 5.=—2i+3]+,3R u

b=ai- 6] +2k ! a) KOJUIMHEApHbI, 0) OpPTOTOHAJIbHBI.

65. Jlar tpeyrompank ABC ¢ BepmmHamu A(2;-1;3), B(1;1;1), C(0;0;5).
TpeOyeTtcsi: a) onpeAenuTb BHYTPEHHUE YTJIbl IPU BepiInHax B u A,
0) BBIYMCIUTH BHEIIHUI yroj npu BepmuHe C,
B) HAWTH JJIMHY MeJIuaHbl AM,
I') BBIYUCIHUTH KOOPAUHATHI TOUkH O mepeceyeHus: MeIuaH,
1) CAENaTh YEPTEK.

66. Jlansl Tpu BekTopa: p =(3;2;4), q=(4;3;-5), r==(7;5;-2).

Haiitu pasnoxenue BexTopa a=(4;3;2) o BekTopam p, q, F.

67. Ilo maHHBIM BEKTOpam aub (puc. 2.20) mOCTPOUTH KAKJBIN U3 CJIEAYIOIMINX

BEKTOPOB:
1)35; 2) —% B; a >
3)2a+b:  4)1p-_3b. b
3 ' 2 \
Puc. 2.20

68. JlaHbI TTMHBI BEKTOPOB ‘5‘=11, ‘5‘ =23, | a-b |=30. OnpenenuTs BETHYUHY |

70. Beraucuth HanpaBIIAONIE KOCHHYCHI BEKTOPa a=(16;-12:15).
71. MoXeT a1 BEKTOP COCTaBJIATh C KOOPAUHATHBIMU OCSMU YTJIbL:
a) a=45"; =60 y=120% 6) «=45" p=135 y=60;
B) «=90% =150 »=60%?
72. Bektop cocrapmser ¢ ocsimu OY u OZ yrasr 60° n 120°. Kakoit yron om

cocTaBiigeT ¢ ochbro OX?
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73. Bekrop OM cocTaBisieT ¢ oCsiMH KOOpJAMHAT paBHbIE OCTphle yribl. Haiitn

3TH yIJIbl ¥ TOCTPOUTE BekTop OM | eciu | OM |=2/3.

74. Jausl TOouku M;(4;-2;6), My(1;4;0). Haiiti miMHYy M HampaBlIieHHE BEKTOpa
M,M:.

75. Jlanpl JBa BEKTOpa 52(5;8;—3) U 5=(—1;2;0). OnpenenuTe MPOEKIMH Ha
KOOPJIMHATHBIE OCH CJICAYIOIMNUX BEKTOPOB:
a)a-b, 6)3a, B) a+2b.

76. IIpoeputs, sBistores i Touku A(-1;2;-3), B(2;-1;1), C(1;-3;-1), D(-5;3;3)

BEPIIMHAMM TPANELUU.

77. Jlan Bextop C = 41+ 7 j —4K . Haittu Bextop d , mapaiuiensHoOil BekTopy C
Y TIPOTHBOIIOJIOKHOTO C HUM HAIMPAaBIICHUS, €CITH ‘a‘ =27.

78. BekTop 7, KOJUTMHEAPHBI BEKTOPY 52(6; -8; -7,5) oOpasyeT ocTphIil yroi c

ockto OZ. 3Has, uto |7| =50, HaliT ero KOOPAMHATHL.
79. Bextopsl a u b oGpasyor yron ¢ = %ﬂ 3Hasi, 4To ‘5‘=11, [b|=2, BeramcHTE
(2a-5b)>.

80. Bekropsl aub o0pasyroT yroi goz%. 3Has, 4To ‘5‘ =2, ‘b‘=1, BBIYHCIIUTH

YIoJl MeKy BEKTOpaMu p=a+b u q=a-b
81. JlaHBI BEKTOPHI a= (8;9;-15), b= (0;-3;-1). Boruncnursb:
a) ash, 0)(a+h)? B) (a-b)2

82. BekTopsl a u b B3aummO MEPIEHIUKYJIAPHBL. 3HAas, 4TO ‘5‘:5, ‘5‘ =2,

BBIYHCIIUTH ‘[(35 + 26)' (é-_ o 6)] ‘ .
83. Maunr touku A (5; 6; —2), B (2;2;0), C(3;-1;2), D(1;7;1). Berunciaurs

np_ AB
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84. Bexrop OA cocrasuser ¢ ocsimu OX, OY u OZ yriibl, COOTBETCTBEHHO PABHBIE

% , %, % Jlokaszatb, 4TO BEKTOPBI OA u OB MEPIEHAUKYIISAPHBI, 1€ TOYKa
B(2;2;-2+2).

85. Haiftu npoekiuio BeKTopa a+2b-c Ha BEKTOD 2c + PR rae a=3i+ 4E,
b=5j—3K uc=2i+3j—4k.

86. Jlaubl BexTopsl d = 6i — 8] + 5\/EE n b =2i- 4] +~/2K . Haittn yrou,
00pa3oBaHHBIN BEKTOPOM a —b ¢ ocpio OZ.

87. Haitmu Bexrop d , IepIICHIMKYISIPHBIA BEKTOpaM 5- = E+E ub= ZE—E , €CTHI
W3BECTHO, YTO €10 MPOESKIKS HA BEKTOP c=i+ 2] +2k pasHa 1.

88.0mpenenuth, NpuU KaKOM 3HAYCHHWH M BEKTOpPHl 4 = mi — 3_j +2k wu
b=i+ 2] —mk B3aMMHO MEPICHIUKYIISPHBI.

89. Bpmmcomre mWHY MaroHaiel TapaviesiorpaMMa, TOCTPOCHHOTO HAa  BEKTOpax
@=2p-3q wu b=3p+40,ccm [P[=2 [d=8, (pra)=1.

90. Bpruucauth Tymou yroiyi, 00pa3oBaHUN MeIUAaHAMH, TMPOBEICHHBIMHU U3
BEPILMH OCTPHIX YTJIOB PABHOOEIPEHHOTO TPEYTOJIbHHKA.

91. BeIuncnuTh:
1. (M+N) ecmu M u i — exuHEIHBIE BeKTOPHI, (M ;7 )=30;
2. (a-b)%ecru \5\=2ﬁ ; [b]=4; (a%;b)=135° .

92. Haiitm yrom Mexay AWAroHaJISIMH TapajjieiorpamMma, IOCTPOSHHOTO Ha
BEKTOpax a = 2i+] ub :—2]+E.

93. Jlanbl TpH MOCIEN0BATENbHBIC BEPIIUHBI TApaJIJIeIOrpaMmMa A (-3;-2;0),

B(3;-3;1), C(5;0;2). Haiitu ero uerBepryro BepmimHy D u yrom mexay
BEKTOpaMHU AC u BD.

94, Jlan TtpeyrosbHuk ABC c¢ Bepmmnamu A (1;2;3); B(-2;4;1), C(7;6;3).

TpeOyercsi:
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1. onipenenuTh Bce €ro BHYTPEHHUE U BHEIITHUE YTJIbI,

2. HaiTH IMHY Meauansl CM;

3. BBIUUCIIUTH KOOPJMHATHI TOUKK D mepecedenus: Meauay;
4. cnenarb 4EpTEK.

95. I[lpenmpusatrve BbITyCKAaeT dYeThlpe BuAa npoayknuu Py, P,, P3, P, B
komuuectBax 20; 30; 40; 50 emunuu. Ilpm 3TOM HOpPMBI pacxojia ChIpbs
COCTAaBIIIOT COOTBETCTBEHHO 5; 2.5; 3; 1,5 kr. Hautm cymmapHbBI pacxon
ChIPbS M €r0 U3MEHEHUE IIPU U3MEHEHMAX BbIycKa npoaykuuu Pi, P,, P3, Py
COOTBETCTBEHHO Ha +3;+2;-1;+4 enunuil.

96. Jlanbr Toukn A(-3;-2 B(0;-1), C(-2;5). Hoxazarb, uto TpeyrodbHUK ABC
IPSIMOYTOJIbHBIN.

97. Ilycts A(3;2), B(9;6), C(9;2) , D(3;4). TpeOyeTcs pa3ioXUTh aHATUTHIYSCKH U
T€OMETPUYECKU:

a) BEKTOp AB TIO BEKTOpaM AD M AC;

U AC:

>|

0) BEKTOp AD II0 BEKTOpaM
B) BEKTOp AC TI0 BEKTOpaM AB W1 AD .

98. 3nas onHy u3 BepinH TpeyronbHuKa A(1;-6;-3) ¥ BEKTOpHI, COBIAIAMOIINE C

IBYMsI €ro CTOpPOHAMH AB =(0;3;5), BC =(4;2;-1), HaliTH OCTaJIbHBIC
BEPILIMHBI U CTOPOHY CA.

99. Beruucinuth KOOpAWHATHI TOUKH M, pacCTOSIHUSI OT KOTOPO# 0 ocu abcuuce u
1o Touku A (1;2) onuHakoBbie U paBHBI 10.

100. Tloctpouth TpeyroapHUK C BepmmHamMu A(-4;2), B(0;-1), C(3;3).
OnpenenuTs:
a) MepUMETP TPEYTrOJbHUKA;
0) nuHy cpeaHel TuHuM, mpoxoasiiei yepe3 croponsl AB u BC;
B) LICHTP TSKECTH (TOUKY NEPECECUCHUS] MEAUAH );

I') BHYTPEHHUI U BHEIIHUI YTJIbl IPU BEPIIUHE A.
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TecT 2
1.BekTopoM Ha3bIBaETCH:
a) HaIpaBJIEHHBIN Ty, 0) myu;
B) HaIlpaBJICHHBIA OTPE30K; I) npsiMas.

2.Yka3aTb IMIPOTHUBOIIOJIOKHBIC BCKTOPHI:

l)EHﬁ; 2) BC u DA 3)EHD_C; 4) CB n 4D .

v

a)lu2; 6)2u3; B)3u4;, 71)lud

3. YcTaHOBUTH COOTBETCTBUE MCXKAY 3aKOHAMM CJIOKCHHUA BCKTOPOB U UX

(GhopMyIIBHOM 3aIUCHIO:

1) mepeMecTUTEITbHBIH a)k(a+b) =Kk a+Kkb;
2) pacnpenenuTebHbINA 6) atb =b+ a;
3) coyeraTeNbHBIN B) atb+c = a+(b+c).
4. CxasipHO€ MPOU3BEACHUE d * b BekTopoB a = (0;-1;5) u b= (5;4;-3)
paBHoO ...

5. JlnmuHa BeKTOpa a= (\/g; 4;5) paBHa ...

6. Ecniu HanpaBiieHHst OCH M COCTABJISIFOIIEH HE COBMAIAlOT, TO:

a)np25=|cocr€a| : 6)np25=|COCT€a|;

B) IIp -, a=x|cocr, al; rymp , a=*(cocr, a).

7. YCTaHOBUTH COOTBETCTBUE MEXIY PUCYHKaMU U BEKTOPHBIMU PABEHCTBAMMU:

1)

a a) ;+6+E=6;
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2) 6) a+b —c=0;

r)a —b—c=0.

b
3) ,v B) ¢ — b+c=0;
a
b
; —
C
b

8. Halitm ab+bc +ac, rae a, b, ¢ —  €IVHUYHBIC BEKTOPHI,

YIOBJIETBOPSIONINE YCIOBHIO a+b + ¢ =0.

9. Bektopsl @ =mi —3j +2k wu b=i +2j — Mk B3aMMHO MepHEHAUKYISAPHEI

nmpu m=....

10. Jlansr Bektopsl @=3i -6 — k, D=i +4] +5k, ¢ =3i +4] +2k. Haiitu

(c TouHocTsto 110 0,1) mpoeKIHIo BEKTOpa (b +C ) Ha HampaBJeHue BeKTopa (a

+ 5).

11. Ecim a = (X1: Y1), b= (X2: Y2), TO yCIIOBHE KOJUIMHEAPHOCTU BEKTOPOB d |

b

Xl X2 X X X
a) — = _1=&; B)_lz__Z; r) t=_-L

Yo Y2 X2 N noooy, X Yy

12. Ecnu ip ¢ 5=3, mpg C=—4,101p 5 (34 - ¢) paBHa:
a)35; 0)13; B) — 1; r) 7.

13. Bekrop AB , tne A(3;—4;2) u B(-3;2;1) uMeetr KOOpAUHATHI:
a) (0;-6;1);  6)(-6;6;-1);  B) (0;-2;1);  1)(6;-6;1).
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14. Baytpennuit yron A tpeyroiabHuka ABC Haxonar no popmye:

a) cos LA= ﬂ; 6) cos L A= AB=AC .
‘AB . AC‘ ‘AB‘ . ‘CA‘
BAeCA BAe AC
B) CcOoS 4A: r’ 1") COS LAZ _ .
‘BA . CA‘ ‘BA . AC‘

15. Paznoxxenune BekTOpa d=a-b+cmno BEKTOpaM d U b (ecm a =

(3;- 1), b = (1;-2), c = (— 1;7)) mmeer Bux: d=xa ty 6, e x=...; y= ..

Bonpochbl 4na camonpoBepkn No TeMe «ANeMeHTbl BeKTOPHOMN
anre6pbi»
1. IlonsiTve BeKTOpa, BHUILI BEKTOPOB (KOJUIMHEAPHBIE, KOMIUIAaHAPHbBIE, PaBHEIE,
MPOTUBOIIOJIOKHBIE BEKTOPHI, HYJIEBOM BEKTOP, OPT BEKTOPA).
. [IpaBWIIO TpEYroabHUKA CIOKEHHS ABYX BEKTOPOB.
. [IpaBuiio mapayienorpaMmma CJlI0KEHHUS IByX BEKTOPOB.
. CnoxeHne HECKOJIbKUX BEKTOPOB.
. BeluntaHnue BEKTOpOB.
. YMHOKE€HHE BEKTOpA Ha YUCJIO.
. CBoiicTBa IMHEMHBIX ONEpalMid HaJl BEKTOPaMHU.

. [ToHsiTHE COCTABIAIOLIEH BEKTOPA MO OCH Y MPOESKLIMM BEKTOpA HA OCh.

© 00 N O O & WD

. CBOMCTBA MPOEKIIMU BEKTOPA HA OCh.
10. PasnmokeHwe BEKTOpa Ha COCTABIISIIONIME TIO KOOPAMHATHBIM OCSM.
Koopaunatel paguyc-Bexkropa. KoopaumHartsel BEKTOpa, 3aJaHHOTO HAYAIBHOM U
KOHEYHOM TOYKAMMU.
11.CnioxxeHre u BBIUUTAHUE BEKTOPOB, 3aJaHHBIX CBOMMU KOOPJMHATAMH.
YMHOXEHUE BEKTOpa B KOOPAUHATHOUN (popMe Ha YHCIIO.

12. CkansipHOoe MPOU3BEICHUE BEKTOPOB: ONPEIeTICHUE, CBOMCTRA.

13. CkansipHoe pou3BeIcHUE BEKTOPOB B KOOPAMHATHON popMe, UTHMHA BEKTOPA,
pacCTOSIHUE MEXAY TOUKAMMU.

14. HampaBiisronue KOCUHYChl BEKTOPa, CBSI3b MEKTy HUMHU.

15. Yron Mexay BEeKTOpaMH.

16.Y cnoBus nepneHANKYISIPHOCTH U TApATIJICIIBHOCTA BEKTOPOB.

17. KoopauHaThl TOUKH, IEJSAIICH BEKTOP B OTHOIIICHUH A.

18. KoopauHathel cepeiuHbl BEKTOpA.
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3. IPAMASA MJUHUA HA ITJIOCKOCTH

3.1. HeoOxoaumblii TeopeTHYeCKUH MUHUMYM
Onpeodenenue 3.1. YpaBHeHHeM NPAMON HA3bIBACTCA TAKOE YpaBHEHUE NEPBOM
CTENEHU C MEPEMEHHBIMH X M y, KOTOPOMY YIOBJIETBOPAIOT KOOPAMHATHI JIFOOOMN

TOYKHU 3TOM MPSIMOHU.

Onpeoenenue 3.2. Bexrop | nepnenmmkynsapHeii mpsmoii &, Ha3blBaeTcs eé
HOPMAJIbHBIM BEKTOPOM.

Onpeoenenue 3.3. Bekrop S, KOMIMHEApHBIM INpsAMOM «a, Has3bIBaeTca eé
HANPABJISIONIAM BEKTOPOM.

e Bunel ypaBHeHHs OpsiMOH, a Takke (QOpMYIbl Il HAXOXKIEHUS YIJIOBOTO

koadduimenTa K mpuBeaeHsl B Tabnmie 3.1.

YacmHuele cayuau ypagHeHus nPpAmMoil ¢ y2ioeblm KoIphuyuenmom
y=kx+b:
1. TIpu b=0 =>y = kX — ypaBHEHHE MPSIMOH, MPOXOISAIIEH Yepe3 Hadauo KOOpIHHAT

1 00pa3yIOILICH: a) OCTPHIi yroi ¢ ocbto OX pu K = tga > 0;
0) Tymo# yroia ¢ oceto OX npu K = tga < 0 (puc. 3.1).

2. llpn a =0 => k =tg0 = 0 => ypaBHeHue umeeT BUI Y = D, mpoxoauT yepes
touky B(0;b) mapamnensHo ocu OX (puc.3.2).

3. llpua=0 u b=0 => y=0-ypasuenue ocu OX.

y/a T
4. Ecnu a :E =>k = th = 00 => mpsiMasi He UMEET YIIIOBOro KoddduireHra.

YpaBHeHue HUMEET BUJ X = a4, T.e. MpsMas MPOXOIUT 4Yepe3 Touky A(a,0)

napasuienbHo ocu OV (puc.3.3).

5. Ecmma = % u a=0 => x=0 —ypaBuenue ocu OV.

Yacmuoie cnyuau oouezo ypasnenus npamou Ax+By+C=0:

1. TIpu C=0 => Y=——="X _ npsmas npoxoaMT Yepe3 Hauyauo KOOPIMHAT

B
(puc.3.1).
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2. Ilpu A=0 =>
3. llpu A=C=0 =>
4. TIpu B=0 =>
5. llpu B=C=0 =>

C

=——-b _
y B
By=0 =>y=0-o0cs OX.
C
X=——
A
Ax=0 =>x=0-ocs OY.

Ta6nuna 3.1 - Buapl ypaBHEeHUs IPsIMOit

npsiMas napamiensHa ocu ocu OX (puc.3.2).

=& _ npamas napamwiensHa ocu OV (puc.3.3).

No HazBaumue YriaoBoii Heo0xoauMble
Buja ypaBHenus
n/m YPaBHEHUA K03 dunment JaHHbIE
1 A n=(A; B);
OOmmee Ax+By+C=0 k= —-— .
B Mo(Xo; Yo) enpsmoii
2 b — Bennumna otpeska
b Ha OY;
c JIOBBIM K03 punreHt
- y=kx+Db k = tga, a - yrox
KO3 pHUIIIEHTOM opu  x .
HaKJIOHA MPsIMOM K OCH
0),4
3 a — otpe3ok Ha OX;
X Yy b
B OTpe3Kax —+==1 k=—— b — OTpPE30K,
a b a y
oTcekaemblii Ha OV
4 | mpoxoasuiei B
JAHHOM ko3 duLreHT
HaIpaBJICHUN Y— Yo=Kk (X— Xop) npu Mo(Xo;Y0) €npsimoit
qepes TaHHYIO (x - x0)
TOUKY
S | npoxonsmeii wepes | Y—VY1 _ X=X K= Y2 oY1 | Milkayn),  Ma(xziy2)
JBC TJaHHBIC TOYKHU Yo, =Y, X, =X Xo — X1 JeXar Ha psAMOou

Y
k<Ot k>0
| 04
N
Puc. 3.1




YA Y A

(0:b) y=Db X=0 X=a
b
a
v=0 , ( ‘ >
0 X 0 X
Puc.3.2 Puc. 3.3

Yacmmuuwle cnyuau oouwgezo ypasuenusn npamou Ax+By+C=0:

A

1. IIpu C=0 =>Y =—73 "X — npsamas OpOXOAUT YEPE3 HAYATIO KOOPAUHAT

B
(puc.3.1).
C
B

2. Ilpu A=0 => y=-—-b _ npsiMasi mapajienbHa ocu ocu OX

(puc.3.2).
3. lpuA=C=0 => By=0 =>y=0-o0cb OX

4. TlpuB=0 => X= _K =& _ npamas napamiensHa ocu OV (puc.3.3).

5 TlpuB=C=0 => Ax=0 =>x=0-ocs OV.

Tabnuna 3.2 - BzauMHoe pacnooKeHue MPsSMbIX

[TpsiMble 3a1aHBI YpaBHEHUSIMH
B 00II[EM BUJIE: C YTJIOBBIM
Aix + By + C1 =0, K03 punreHToMm:
AxX + By + C,=0 y:k]_X + by
y:kzx + b,
+ —
Yrom ¢  MeKmLy ABYMA | COS@ = £ (AA +B,B,) tgo = K, — ki
IPAMBIMU \/Alz +B, - \/A22 +B,” 1+k; -k,
[TpsiMble apasienbHbI A _ B K=k
(ycnosue napanienrbHocmu) A B, e
[IpsiMble  MEPHEHIUKYISPHBI 1
(venosue A1-A; + B1°B,=0 ky = e
nepneHOUKyIapHOCmL) 2
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Va Y a M(xO; yO)
(k2) ki)
Q
/ "
0 X 0 X
Puc.3.4 Puc. 3.5

! [lpu BblunciaeHun tge clemayeT yd4ecTb, YTO YeaoM MedxHcoy O8YMsl
NpAMbIMYU HA3BIBAETCS YTOJ, HA KOTOPBIA HA0 MOBEPHYTH MPSAMYIO (C YTJIOBBIM
kodpdummeHToM K;) 10 coBmameHWS €O BTOPOH TpsMO (C  YIVIOBBIM
ko3 dunmenTom K;) mpotus gacoBoit crpenku (puc.3.4).

Onpeoenenue. PaccrosiHueM 0T TOukH M(Xyy,) 10 NPSAMOWM, 3aJaHHOI
ypaBHeHueM Ax+By+C=0 naspiBaercs mimHa neprnenaukyisipa d= /MN/ |
OIyIIEHHOTO W3 TOYKH M Ha AaHHYIO Opsmyro (puc.3.5) W BblUMcIgeMas IO
bopmyie:

_ | A% +Byg+C|
B \/ A2 + B2

YToObl HANTH TOYKY MEpecedyeHus ABYX HeMapajulesIbHbIX MPSIMbIX, HY>KHO

d (3.1)

peHINTb COBMCCTHO UX YPABHCHUA:

Ax+By+C =0; Ax+By=-C;
AX+By+C,=0; ~  |Ax+B,y=-C,

Pemenue qanHoi cucTeMbl MOXKHO HaiiT o opmynam Kpamepa:

AX
X:_
A’
_ Ay
y_A’

—C _

ea|A B ,AX:‘ 1 A G ‘
A, B -C, By A, —C,

[Tpuuem ecnu: a) A # 0, TO TIpsIMbIE UMEIOT TOUKY TIEpECEUEHUS,
0) A =0, a Ax#0 unu Ay#0, TO npsiMble apaJIJICIbHBbI ;

B) A=Ax=Ay=0, TO npsiMble COBNAAALOT.
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3.2. IlpuMepsl pemieHUs TUNMOBBIX 3a/Ja4
3agaya 3.1. Iloctpouth mnpsMble, HAWUTH UX YrioBble KOI(PPUIMEHTH U
KOOpAMHAThl HOPMAJIbHBIX BEKTOPOB:
1. y=3x+2; 2. 3x+5y-15=0; 3. 5x-y=0; 4. 7+x=0;5. 3y—6=0.
Pemenne.
1. a) IlonoxxeHue npsIMON Ha IJIOCKOCTU ONPEAENseTCs JIBYMs TOUYKAMH,
MIPUHAJIEKAIIMMA 3TOW NPSIMOM, MTOATOMY IS ITIOCTPOECHUS MPAMOU JOCTATOYHO
3HaTh KOOPAMHATHI IBYX €€ JII0ObIX ToueK. J{Ji 3TOro BBIUKCISIEM 3HAUYEHUS Y 1O
JTAaHHOMY PaBEHCTBY y=3x+2 mpH Jr00bIX 3HadeHusx x. Hampumep, mycts x = 0,
torga y = 3¢0+2=2;
opu x = -1 =>y=3e(-1)+2=-1.

x 0] -1
CocraBnsieTcs cieayroias Tadauia: y 2 -1

Takum oOpazom, uepe3 moiyueHHble nBe Touku (0;2) u (-1;-1) ctpoum npsiMmyro
(puc. 3.6).

0) YrioBoii koaddurmeHt npsmoit k=3 (cm. tadm. 3.1(ctpoka 2)).

B) HopManbHbIil BEeKTOp n = (; B), rne 4, B — xo3dpuLieHTs Ipu X U Y
oOmiero ypaBHeHusi mpsimoil (ctpoka 1 Taba. 3.1). Ilostomy mnpeobpazyem
UCXOJTHOE YpaBHEHHUE K 00IIeMYy:

y=3x+2 =>3x—y+2=0 => 4=3, B=-1 => N =(3:-1).
2. a) Tak kak ypaBHeHHe Tpsimoit 3x + 5y —15 = 0 comepxut cBOOOAHBIN UjIeH (C=
—15), To mpsAmas TmepecekaeT KoopAuWHaTHbIe ocu. Haiigem »5TU TOYKH
nepecedeHusi: ¢ ockto OX (y=0) => 3x+50 —-15=0 => 3x -15=0 => 3x=15 => x=5
=> A(5;0); cocbro OY (x=0) =>3+0+5y—15=0 => y=3 =>B (0;3).

Janee ctpoum Toukd A U B 1 npoBoiuM HCKOMYIO MpsAMYtO (puc.3.6).

6) Yriosoit kodpduiMeHT HaxoauM 1o (opmyie: K =Y (cTpokal

3

5

B) Hopmanbuebrii Bektop 1 = (A;B) => 1 =(3;5).

tabm1.3.1). B Hamewm cygae A=3; B=5. Torna k=
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y“

—
A
s

I

el

\
A
\ -
T*#\‘
. / S
\
=171\
/
/
y

by 1 SN
Y=BXir2 N
/ 3x+Py|— 5=
/
/
x::_ 7
Puc. 3.6
3. a) Tak kak cBOOOHBIN WwieH ypaBHEeHHs 5X — y = 0 paBeH HYIIO, TO MpsMas

MPOXOJUT YEpe3 Hauajao KOOpJMHAT, T.e. yepe3 Touky 0(0;0). Berauciaum emié oany
Touky npsmoil. Ilycts x =1, Torna nonmyuaem: 5¢1 —y=0 =>y=5 = M
(1;5). Uepes Touku O(0;0) u M (1;5) npoBogum uckomyto npsimyto (puc.3.6).

A 3)

0) YrioBoii kosdpuuuent npamon k= — B -1

B) HopmanbHbIi BEKTOp IPSIMOi n = (5;-1).
4, a) 3amumeMm ypaBHeHHe mnpsamou 7+x=0 B Bume: x= — 7 => mnpsamas
napaienibHa ocu OV u mpoxomut yepe3 Touky (-7;0) (cm. Yacmmuwvie crnyuau
VPABHEeHUs NPSAMOLL C Y2N08biM KO3 duyuenmom, 1.4) (puc. 3.6).
6) [TpsiMast He UMeeT YIIOBOro Kod(duImenta, Tak kak o =90° ab=1tg90°

= 00,

B) HopmansHbIit BekTop mpsimoit 11 = (1;0).
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S. a) IlpeoOpazyem ypaBHenue npsimoit 3y — 6 = 0 Tak: 3y=6 => y=2 =>
npsmas napayienbHa ocu OX u npoxoaut yepes Touky (0;2) (cMm. Hacmmuvie

cayuau ypagrenus npamoit) (puc.3.9).

0) YrioBoit koaddurment npsimoit K =—§ = —% =0.

B) HopmanbHsiit BekTop npsmoii N =(0;3).
Otser.
1.puc.3.6; k=3; a=(3;-1); 2.puc.3.6; k=-3/5; 0 =(3;5);
3.puc.3.6; k=5; n=(5;-1); 4.puc.3.6; k=oo; n =(1,0);
5.puc. 3.6; k=0; n=(0;3).

3agaua 3.2. CocTtaBuUTh ypaBHEHHUE NMPSMOM, MPoxo/isinei yepes Touky M(4;-1):

1. mon yriom 135° k ocu 0)6

2. TEPICHAUKYISPHO BEKTOPY n = (3;5);

3. mapamiensHo BekTopy S = (1;4);

4. mnapamienbHo ocu OV; 5. u touky N(- 8;2).

Pemenue.

1. Vriosoit kosbdurment k = tg135° = —1. T.K. H3BECTHO, YTO MpPSIMast IPOXOIHT
yepe3 Touky M(4;-1), To Bocnosib3yeMcsi ypaBHEHHEM MPSIMOM, TTPOXOISIIIICH uepe3
JaHHYIO0 TOYKY B JaHHOM HampapiieHuu (ctpoka 4 1ab6n.3.1): y — yy = K(X — X )
= y-—(1)=-1«x-4) => y+l=-—x+4 =>x+y -3 =0 — ypaBHecHHE
HMCKOMOM NPSIMOM.

2. Ecnu mpsiMasi meprieHANKYJIspHa BEKTOPY, TO COTJIACHO OMPEICIICHUI0, ITOT
BEKTOP SABJISICTCS HOPMAJIBHBIM U UMEET KOOPIUHATHI n = (A;B). ITosTomy B
HameM ciydae noimydaeM A=3; B=5. IlogctaBum A u B B o0miee ypaBHeHue
npsiMoii: Ax +By +C=0  => 3ex+5¢y+C=0. [anee, T.K. npsiMasi MPOXOJIUT YEPE3
Touky M(4;-1), To cipaBeayuBo paBeHCTBO:3*4 + 5(-1) +C =0 = 12-5+C =0
=7+C=0=>C=-7.

B utore nonyyaem nckomoe ypaBHenue: 3x + 5y — 7 =0,
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3. Eciu npsimast MN, rae M(4:-1); N (X;y) napamtensta exropy §, o MN || S ,
rne MN = (x — 4; y + 1). ITo ycnoButo mapannensHOCTH BeKTOPoB (hopMyrna )
MoMyuaeM: XT_4 _ VT” —> 4o(x-4) = y+1 => 4x—y-17=0.

4. YpaBHeHUEe NpsiMOH, mpoxosiie yepe3 Touky M(4;-1) u mapannenbHOl ocu
OV B o011eM BUje X = a, B HallleM cliydae a = 4, MO3TOMY UCKOMOE YpaBHEHHUE: X
=4,

5. YpaBHeHHE TpsIMOM, MPOXOJslIed yepe3 JIBe TOYKU HMEET BHUJl (CTpoka 5

Y=Y: _ X=X
Tabm.3.1): VooV, X%

Torna ans npsimoit, mpoxosmieit uepes Touku M u N nonmydaem:

Y=Yu _ X~ Xy ) y—(—l): x-4 y+l x-4
Ve Yu KuXw T 2-(D -84 T 3 12 =
y+1l x-4

T:__4=>_4.(y+1)=x_4 => 27 X + 4y = 0 — HCKOMOE YPABHEHHE.

OrTger.

1. x+y-3=0; 2. 3x+5y —7=0
3. 4x+y —-17=0; 4.x=4; 5. x+4y=0.

3amaua 3.3. U3nepxku npousBoactBa 100 mITYyK HEKOTOPOro TOBapa COCTABIISIIOT
300 py6seit, a 500 mtyk — 600 pyOnei. OnpenenuTs U3AESPKKU MPOU3BOICTBA
400 eguHUI] TOBapa MPH YCIOBUH, UTO (QYHKIUS U3IEPKEK JTMHEITHA.

Pemienune. C maremMaTHYeCKOW TOYKHA 3pPEHUSA, YCJIOBUE 33aJa4M O3HAYAET, YTO
GyHKIUS U3JEpKEK MPEACTABIICT COOOUM MPSMYIO JIMHUIO, TMPOXOJSIIYI0 depe3

touku A(100;300) u B(500;600). CocraBum ypaBHeHHE TpsMOond M,My:

= = =>
Ye = Ya Xg = Xjp 600-300 500-100

Y=Ya _ X=Xjp —s y—-300  x-100

=> y =0,75°X+225 — MmaremaTuyeckasi MOJIeJIb IIPOU3BOJICTBA.
Torna, ecu x =400, To y = 0,75+400 + 225=525 (py6.).
OtBer. 525 pyo0.

70



3apmaua 3.4. /lana npsmas 4x — Sy + 20=0. CocTtaBuUTh ypaBHEHHE MPSIMOMH,
npoxojsien yepes Touky K (5,2):

1. mapaienbHO JaHHOHU MIPSMOM;

2. IepIIEHANKYISAPHO K JaHHOU TIPSIMOM.

Pemenue.

Haitnem yrnoBoii kosddunuent npsmort 4x — S5y+20=0 (a). B namem ciyuae

A=4, B= -5. Tloatomy K, :—gz—g. JIJIss cocTaBieHHs ypaBHEHUs mpsMoi b

BOCIIOJIB3YEMCSl YpaBHEHUEM TPSMOM, MPOXOASAIICH B IaHHOM HANpaBJIEHUU Yepe3
JAHHYIO TOYKY (cTpoka 4 1abm. 3.1): y—Ve= KpxX—%) => y—2=ky
x-=5) (%) .

Janee HaiieM yriioBoi koadduiueHT npsmoi b, 1.e. k.

1. T.k. a|| b, To o ycrnosuio napannenvnocmu npsmeix (tadm. 3.2): k, = ky = —4/5.

. . . 4
[ToacTaBuM HalACHHBIH yTi0BOH K03 duuueHT K, B ypaBHeHme (¥):y—2=— —

)
o(x-5) => 5(y-2)=-4(x-5)=> 4x +5y —30=0 — ucxomas mpsmasi.
2. Tx. a Lb, To mo ycnoButo nepnenouxynsipuocmu npsimoix (1adm.3.2) nmeeM: K
=—-1/k, =1/ (- 4/5) = 5/4.

[MoxcraBum Ky B Bepaxkenue (*):
y—2= % *(x—5)=> 5x —4y —17 = 0 — uckomas npsMasi.

Oteer. 1. 4x + 5y -30=0;
2. 5x—4y-17=0.

Bamaua 3.5. J{ns tpeyronbpanka ABC ¢ pepumnamu A(3;4), B(2;-1), C(-2;5)
TpedyeTcs:

|. HanucaTe ypaBHEHMS MPSIMBIX, HA KOTOPBIX JIEKAT:

1. cropona AB; 2. menuana AE; 3. BeIcOoTa AD.

Il. Haittu nouny: 1. cropon AC u BC; 2. BoicoTsl CF.

I11.0Onpenenuts Touky K nepeceuenus 6uccexrpucel CK co ctoponoii AB.

IV. Onpenennuth TaHreHC yriia ¥ caM yroJj IpH BepiuuHe A.
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Pemenmne.

1.1. Jlna cocraBieHusi ypaBHEHHS CTOpoHbl AB Bocmosbdyemcsi ypaBHEHUEM

npsMoOM,  Tpoxojsiied  depe3  JaBe  TOYkd  (cTpoka 5 Ta6m.3.1):

Y—VYa _ X — Xp

Ye — Ya Xg — Xa
B AL ok N o S S Ll S Y
HAIIeM CITy4ae NoydaeM: —— =5 => "¢ 1 s =

5x —y —11 = 0 — ypaBHeHue ctopoHsl AB.

2. Tx. AE — menuana, To E — cepeauna crtoponsl CB (puc. 3.7). Torma

KoopauHathel Toukd E (popmyna (7| ) HaXoOsATCS Tak:

_xB_xC_2+(_2)_0
Xg = R w=P9=2 =>E(0;2).
Janee 3anuimem ypaBHeHue npsaMond AE, HCTIONIb3ysl ypaBHEHNE :
X — X B
: — = = X3 . ITocne mpeoOpazoBaHuil Moydaem:
Xg — X, 0-3

2x — 3y + 6 =0 — ypaBHeHue Mmennansl AE.

a % o
%\g_
\\ \\\\\‘ -
N B
AN 11 1]
N LTS /
N1 H I
D
AN
N/ .
P 110 1 2 b i X
B

Puc. 3.7
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3. T.x. AD Bwicota, To AD1 BC, Torma mo ycrosuio nepneHOUKyIspHoCmu

npsMbIxX (Tadm.3.2): K = b

BC
Haiinem yritoBoit koadduruent Kgc npsmoit BC o popmysie as yrioBoro

kod(pdunreHTa npsMoi, Ipoxoxaslled depe3 aBe TOUKH (cTpoka 5 Tabdm.3.1):

Y — Yo _—1—5_ 6 2

kBC - -

X;—X 2-(2) 4 3

Torna yrimoso#t ko3¢ durment Beicotsl AD paBen: k,p =—1 (- 2/3) = 3/2.
Ternepb MOXKHO HamucaTh ypaBHeHHUEe npsiMoit AD kak npsiMoit, mpoxoasiiei

gepes JJAHHYI0 TOYKY B JAHHOM HarpaBiieHuH (cTpoka (7 Tadm.3.1): Y — ya = Kyp(X —
) = y-4=>-(x-3) = 2(y—4)=3(x-3) =507 3x-2y-1

= 0 — ypaBHenue BoicOThl AD.

Il. 1. dnunsl cropon AC u BC Haiiném no popmyiie paccTosTHUS MEXKIY ABYMs

Toukamu (popmymna ?2) : d= \/(Xz %) + (Y, - Y1)’

Torna: |AC|=\/(XC —X2)2 (Yo —Ya)’ = \/(_2_3)2 +(5-4)° = \/%;

2 2
BCI=+/ (g —Xc)? + (v — Yc)? = 72 = 213,
2. Beicory CF MOXHO paccMaTpuBaTh KakK TMEPHCHAMKYJAP, MO KOTOPOMY
onpenensaercs oTkioHeHne Touku C oT npsamoit AB. [losTomy miist onpeneneHus

CF i (3.1): d [ A% + By, +C|
JJINHBI BBICOTBI BOCIIOJIIB3YEMCA opMyJIon 1) = » TOC
y bopmyioi (3.1.) oy

Xo = -2; Yo = 5 (T.X. HaxoauMm paccrosiaue oT Touku C(-2;5)); A=5; B=-1; C=-11

(T.x. ypaBHeHue npsimoit AB:  5x —y— 11 =0 (cm. nynkr |.1.) pemenus: nanHou
Se(-2)+(-1)e5+(-11 26
3anaun). B pesynprate nomyqaem: |CF| = [5(2) 52(+ ()_1)2 CD1_ 726 =26 .

I1l. Buccekrpuca CK nenut cTOpoHy Ha OTPE3KH, MPOMOPLUHUOHAIBHBIE JJIMHAM

- BK BC 2413 2y13
IMPOTHUBOJIC)KAIITNX CTOPOH, T.C. = KA AC \/% \/Z \/E
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Torma nmo ¢gopmynam s onpeneicHusl KOOPAWHATE TOYKH, JENSIIeH OTPe30K B
oTtHOMIeHUHU A (popmyna ), MOJTy9aeM:

) _mexA_2+ﬁ.3_(2+3.ﬁ)(1—ﬁ)_2—2J§+3J§—3-2_—4+ﬁ_4_ﬁ.
K™ 1+ 4 - 1+J§ - (1+J§)(1_J§) B 12—(\/5)2 - 1 = )

~1+v2e4  (-1+4V2)1-+2) -1+V2+4V2-4e2 —9+5f 953
IR T @eVa-2) 1-2 -

Nrak, koopauHatel Touku K(4 — \F ; 9-5 \/E ).

! [lpy  BBIYMCIACHMM  KOOPAMHATBI ~ TOYkKM K HM30aBUIMCh  OT
UPPaIMOHAILHOCTH B 3HAMCHATENE IyTeM YMHOKEHHS W YUCIHTENSA, U
3HAMEHATENS X, U ), Ha BBIPAKCHHE, CONMPSHKEHHOE K MppannoHaabHOMy (1- \/5 ).
3aTeM mpuMeHIH GOPMyITy COKPAIEHHOTO yMHOKeHHs: (a+h)+(a — b) = a* — b,

IV. TanreHc yria npu BepiivHe A OMpeaeauM Kak TAHTEHC yriia MEXIy MpsMbIMU

AC (kye=ki) u AB (k4= ko):

1+k1.k2 1+kAB.kAC

[louemy B nmanHou 3amaye AC — mepBasg npsmast, a AB — Bropas mnpu
BBIYMCJIEHUH YIJIa MEXKAY MPSAMBIMU?

3neck Kag =[??=5; Kac =[?7=-1/5. B pe3yibTare moyrydaem:

1 1
09 %5

tg£A = 1= =00 => /A =90°
1+5(- ) 0

OrBer. |I. 1.5x—-y—-11=0; 2. 2x-3y +6=0; 3. 3x -2y -1=0;
1. 1. |AC| = V26 ; |BC|=2V13; 2. |CF|= V26 ;
1. K@-+2;9-542); IV.tgzd=00; £4=90°.

3apauya 3.6 WMznmepxku y (B pyOnsix) Ha HU3rOTOBJICHME TApTUU JeTaliel
onpeaensores no dopmyiae y = ax + b, rae x — oobeM maptuu. s mepBoro
BapuaHTa TexHoJoruuyeckoro mpoiecca y=1,45x + 20. Jlns BTOporo BapuaHTa
M3BECTHO, uTo y=157,5 pyoneit npu x=100 neraneit u 'y =452,5 pyoneit npu x=300
netaneir. Tpebyercs:
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1. mpoBeCTH OILIEHKY JIBYX BApUAHTOB TEXHOJOTHMUECKOTO MPOIIECCA;
2. Hal'TH ce0EeCTOMMOCTD MPOIYKITUH JIJIs1 00oux BapuaHToB mpu x=200.
Pemenue.
1. a) Jlma BTOpOro BapHaHTa TEXHOJIOTMYECKOTO Ipollecca mapaMeTpbl a u b
OMpENIEIIAEM U3 CUCTEMbI YPAaBHCHUM:
157,5=a+100 + b;

52,5=2a+300+b.
PelmB qaHHYIO CHCTEMY OTHOCUTEIIBHO @ U D, mosyuyaem [?7?)
a=1,475; b=10 => wMozenp BTOPOro BapHaHTa TEXHOJOI'MYCCKOTO Ipoliecca

y=1,475x+10.

A

600 IIEPBBIM BApUAHT
500

400

300 /B’FOpOf/i BAPUAHT
200

100

[
»

O 100 200 300 400 500 600
Puc. 3.8
0) Touky (Xo; Yo) NEpecedyeHHs BYX MPAMbBIX HAUIEM, PEIIUB CIEAYIOIIYIO
CUCTEMY JIBYX YPaBHEHM, OMCHIBAIOLINX 00a TEXHOJIOTMUYECKUX Mpoliecca:
y=1,45x+20;
£=1,475x+10.

Peuiennie nanHoit cuctemsl 77| : Xo = 400; yo = 600 neranei.

B) U3 puc.3.8 BugHO, uto npu obObeme maptun x < 400 BbIrOJHEE BTOPOM
BAPUAHT TEXHOJOTHUECKOTO Tpo1iecca mpu X > 400 — nepBblil BapuaHT.

2. Haitnem cebectoumocTs npoaykiuu npu x=200 neranei:
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a) nia neporo Bapuanta: y;= y(200)= 1,45+200+20=310 pyOneii;
0) nnst BTOporo Bapuanrta:  y;= y(200)= 1,475200+10=305 pyoneii.
Otser.

1. ITpu x <400 BeIrOAHEE BTOPOIl BapHaHT, pu X > 400 — nepBBIii.

2.310 u 305 pyouei.

3anaua 3.7 Jlan napamenorpamm ABCD, rne A(-2;3), B(1;2), C(5,3). CoctaButh
YpaBHEHHUS €ro CTOPOH M HAWTH KOOpaAUHATHI TOUKH D.

Pemenne.

1. YpaBuenus cropon AB u AC HaliieM Kak ypaBHEHUs MPSAMBIX, TPOXOISIINX
4yepe3 IBE TOUKU:

X+2 y-3
1+2 2-3
BC: =>=> X — 4y + 7=0 ypaBuenue BC; kgc = Va.

AB: [??7 => =>X+3Y — 7 =0 ypasuenne AB; kag = — 1/3;

2. Tlpsmass CD nmpoxomut yepe3 Touky C mapawienbHO crtopoHe AB, mostomy
y—Ve=Kep* (X—X%;) . Tx CD || AB, To 10 ycloBHIO mapauieabHOCTH: Kcp

=k;s= —1/3. Torna:

y-3 =— %(X—S) => x+3y-14=0- ypasuenue CD.

3. lIpsimast AD mpoxoauT uepe3 Touky A mapaiensHo ctopoHe BC,

K= ksgc=1/4 = y—ya=Kape(xX—%,) => y-3= % x+2) = ﬁ
X —4y + 14 = 0 — ypaBuenue AD.

4. Touka D ecth Touka mepeceuenns mpambix AD u DC, t.e D= AD() CD
(puc.3.9).

[TosTomy Touky D MOXHO HaAilTH, COBMECTHO PEMIMB ypaBHEHUs Npsambix AD u

CD: x— 4y + 14=0; x —4y =14;

JLx-i—3yl4=0; {X+3y=14.
Brranras u3 nmepBoro ypaBHEHHS BTOPOE, MOTYJIaeM:
X=x)+(-4y—-3y)=-14-14 =>-T7y=-28 => y=4, Tornma: xt3+4=14=>

X=2 => KoOpaAuHaThl KCKOMOM Touku D(2;4).
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2 o 12 5 X

Puc. 3.9

OtBer. x+3y-7=0; x-4y+7=0; x-4y+14=0; x+3y-14=0; D(2;4).

3.3. 3agaym AJdA CAMOCTOATEJIbHOIO PEIICHUS
101. TloctpouTh mpsiMble, HAWTH HUX YIJIOBbIE KOI(PHUIMEHTH U KOOPAUHATHI
HOPMAJIBHBIX BEKTOPOB: a) y=3Xx —4;  0) 4x+y=0;
B) 5x +3y—-15=0; 1)5-x=0; n)2y+4=0.
102. YpaBuenus npsameix: a)3x-5y-15=0; 6)5x-3y+10=0 npuBectH K BUIY
ypaBHEHU B OTpe3Kax. [[ocTponuTs JaHHbBIE MPSIMBIE.
103. ano obiiee ypaBHeHue npsimoii: 12x-5y-65=0. Hanncats:
a) ypaBHEHUE C YTJIOBBIM KO3(P(UIIMEHTOM;
0) ypaBHEHHUE B OTpPE3Kax Ha OCsX.
104. TloctpowuTh MpPsIMyIO, OTCEKAIONIYyI0 HAa OCH OpAWHAT OTpe3ok b=3 wu
COCTABIISIONIYIO € 0cbio OX yrom 45°,
105. Hamucath ypaBHEHHE MpsIMOH, mnpoxojsiield dvepe3 Touky M (1;-4)
NepIEHANKYIIIPHO BekTopy N = (2;6). [TocTpouTh MpsIMy O U BEKTOP.
106. CocTaBuTh ypaBHEHUE NPSIMOM, IEPIICHANKYIApHON 0Tpe3ky AB, rae A(2;3),
B(4;-5), ecnu npsimasi ipoxoaut yepe3 Touky C(5;2).
107. dansbl ipsimble:
a: 3x-2y+7-0; b: 6x-4y-9=0;
c: 6x+4y-5=0; d: 2x+3y-6=0.
VYkazaTh cpeii HUX MapajijielIbHbIe U IEPIICHIUKYISIPHBIC.
108. Haiitu yrosn Mexay npsSMbIMU:
a) X —/3ey+2=0 u 3x —y+5=0; 6)4x+3y=12 u 2x —3y=25.
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109. Hanmcatp ypaBHEHUE MPsAMO mpoxosmieit yepe3 Touku A(-1; 3) u B(4;-2).
Haiiti yrinoBoii ko3¢ uiueHT 3Toi npsMoii.

110. Haiitu yromn, o6pa30BaHHBIN C MOJOKUTEIIBHBIM HAIIPaBJICHHUEM OCH a0 CIIrCcC

npsaMoil, mpoxojsmeii udepes Toukun M(2;4/3), N(3; 2\/§)
111. CocrtaBuTh ypaBHEHHE NPSIMOW, MapamieabHOll BekTopy 5 = (3;4) wu
pOXosIiei yepes Touky A(-2;5).
112. Touka C sBnsieTcst cepenunoit otpeska AB, roe A (-3;4), B (4;6). CoctaButh
ypaBHEHUE NPSIMO, TpoXoasien yepe3 Touky C:
a) MmapajuienbHO NpaMoi 2x+3y+4=0;
0) nepneHauKyISIpHO TpsiMoit 2x+3y+4=0.
113. Tlokazatb, yto mpsimbie 3x —2y +1=0 u 2x + S5y —12=0 nepecekaroTcs u
HAWTU KOOPJMHATHI UX TOUYKH IEPECECUEHUS.
114. Onpenenuts paccTostHEE OT TOUKH M(2;1) 10 mpsivoit 3x + 4y —98=0.
115.CtopoHbI TPEYTOJIbHUKA OMUCHIBAIOTCS YPABHEHUSIMHU:
x +3y -7=0 (AB), 4x-y-2=0(BC), 6x +8y -35=0 (AC).
Haittu nnvHy BBICOTBI, IPOBEAECHHON U3 BEPIIUHEI B.
116. Jlan tpeyroasauk ABC, roe A(-2;0), B (2;6), C (4;2). TpeGyeTcsi:
|. Hanncath ypaBHEHUE IPSIMBIX, HA KOTOPBIX JIEXAT:
1. cropona BC; 2. mequnana BE; 3. Beicota BD;
Il. Haiitu qnuny: 1. croponst AC; 2. BeicoThl BD.
I11. Touky O nepecedenuss MeMaH TPEYTrOJIbHUKA.
IV. OnpenenuTh TaHT€HC U KOCUHYC BHYTPEHHETO yIJla pH BepiurHe B.
117. W3nepxku mnpousBoacTBa 200 enWHHI] HEKOTOPOTO TOBapa COCTABISIOT
y1=300 pyO6neir, a 400 mryk — 700 py6aeit. OmnpenenuTs H3AEPKKU
npousBojcTBa 450 enuHULl TOBapa MpU yCIOBUHU, YTO (DYHKIIMS JIMHEWHA.
118.11pubbIb OT MpOJaXKKW TOBapa B JBYX Mara3uHax BbIpakaeTcs (PYHKIUSMU:

7
y=—-2+3x mu y=-4+ EX , TJie X — KOJHMYECTBO TOBapa ( B COTHAX

MTYK), a ) — OpuOBUIb (B TIC. py0.). OnpenenuTs 0ojiee BHITOAHBINA BapHAHT
IPOJaK.
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119.ITocTpouth IpsiMbIE U HAUTH UX YTIOBBIE KOOPPUIIUECHTHI:

a)x +2y —2=0; 6)3x 2y —6=0; B) X —3y=0;
r) 7x +14=0; 1) 10y —100=0.

120. Jlexxat mu Ha ipsimoit 3x-2y+3=0 touku A (1;3), B(2;4), C(1;4)?

121. Hamucarh ypaBHEHHE TMpsAMOM, mpoxojasmier dveped Touky A (-2;1) u
oOpa3yroliei ¢ 0chio a0CIHCC YTOoJl B 135°,

122. lana npsamas 2x — y + 3=0. CoctaBUTh ypaBHEHHE MPSIMOM, MPOXOISIICH
yepes Touky K (1;2):  a) mapannenbHO K JaHHOU MPSIMOM;

0) nepneHAUKYJISIPHO K JAHHOU MPSAMOM.

123. Haiitu yrosn Mexy NpsMbIMU: a)3x—2y+50 u 2x+3y—8-0;
0)2x 3y+8=0 u 4x — 6y —3=0; B) 5x—y+3=0u 3x+2y—4=0.

124. OnpenenuTh BEPIIMHBI U YTIIbI TPEYTOJbHUKA, CTOPOHBI KOTOPOTO 3aJ[aHBI
ypaBHeHusiMu X + 3y =0, x=3, x-2y+3=0.

125. lanwr Bepmuabl TpeyronbHuka ABC: A (4;6), B (-4;0), C (-1;-4). Tpebyercs:
|. coctaBuTh ypaBHEHHUs: 1. BCeX TpeX CTOPOH TPEYrojbHUKA, 2. MEAUaHbI
CE; 3. Bbicotsl AD; 4. 6uccexrpucsl BK.

Il. Haiitu qimusbt: 1. cTOpoH TpeyroiabHuka;  2.BeICOTHI AD.
I11. Onpenenuts Touky O nepecedeHus: MeAraH TPEyroabHUKA.
IV. OnpenenuTts BHyTPEHHUI U BHEIIHUN YTJIbl IPU BEPIIMHE A.

126. Jlansl Tpu BepiiuHbl napasuienorpamma — toukn  A(3;-5), B(5;-3), C(-1;3).
OrnpenermTs YeTBepTyro BepiimHy D, mpotvBorionoxkayro B.

127. Tlpubsute ot mpogaxu 50 MTyK HEKOTOPOTro ToBapa cocraBiseT S0 pyo., a
100 mTyk —200 py6. Onpenenutsh npuodbUIs OT Tponaxu S00 exuHMI] TOBapa

P YCIOBHUH, UTO (PYHKIMSI TPUOBLIM JIMHEWHA.

128 TloctponTts mpsiMble: a) X -2y+5=0; 0) 2x+3y=0; B) 5x-2=0; r1)2y+9-0.
Haiiti ux yrioBbie K0O3(OUIIMEHTHI 1 HOPMATHHBIC BEKTOPBL.
129. MoxHo nu ypaBHeHue npsamor 19x + 98y =0 3anmcaTh B BUJIe YpPAaBHEHHS B

OTpe3Kax Ha OCsX?
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130. Kakoii yrom o0pa3yeT ¢ MOJOXHUTEIbHBIM HAaNpaBICHHEM OCH a0CIHCC
npsimast 5x + Sy —7=07?

131. IloctpouTh mpsMyr0, OTcekawlmyrd Ha ocu OV otpesok b = -3 u
cocraBisomyio ¢ ocbio OX yrom: 1)60%  2) 120°. Hamucatb ypaBHEHHMS 9THX
IPSIMBIX.

132. TlocTpouTh MpsAMYIO, POXOISIIYIO Yepe3 Hadajao KOOPAWHAT U 4epe3 TOUKY
(-2;3), HarMcaTh e¢ ypaBHECHHE.

133. Ilpsimeie y = -2 u y = 4 nepecekaroT npsamyro 3x — 4y — 5=0 COOTBETCTBEHHO B

toukax A m B. Iloctpoute BekTOp AB , OIIPENEINUTh €ro IUIMHY U €ro
MPOEKIMU Ha OCHU KOOPJIUHAT.

134. CoctaBUTh ypaBHEHUS MPSAMBIX, MPOXOASIMIMX 4depe3 Touky M (4; —5) u
HapaJuIeIbHBIX OCSIM KOOPJMHAT.

135. CocTaBuTh YpaBHEHHE MIPSAMOM, MPOXOASIICH Yepe3 TOUKH:
a) A (3;1)uB(5:4); 6) A(3;1) u C(3;5); B) A (3;1) u D(-4;1).

136.Ctoporst AB, BC u AC tpeyronpauka ABC 3amaHbl COOTBETCTBEHHO
ypaBHeHusIMH  4x +3y —5=0; x —3y+10=0; x—2=0. Onpeaenuts KOOPANHATHI
€ro BEPILIMH.

137. Jlana mpsmas 8x— y+11=0. CocTaBuTh ypaBHEHHE MPSAMOM, MPOXOAIICH
yepe3 Touky C (-4;2): a) mapauienbHO TaHHOW TIPSIMO,
0) mepneHANKYJISIPHON JAaHHOU MIPSIMOIA.

138.CocTaBuTh ypaBHEHHUS MPSAMBIX, MPOXOIAIIMX UYEpe3 TOUKY IMepeceUeHUs
npsiMbIX 2X —3y+ 1 =0 u 3x —y — 2 = 0 nmapajuienbHO U MEPIEHANKYISIPHO
npsmon x —y + 1 =0.

139. lokazatb, 4TO CeAYIOIIKE Maphl MPSMBIX MMapaICIbHBbIL:
a)2x+3y -3=0 wu 4x+6y+1=0;
0)y=2x-3 u y=2x+5.

140. Jlokazars, 4TO CIIETyIOIIHE Napbl IPSIMBIX B3aUMHO MEPHEHIUKYIISIPHBI.

a)2x +3y+1=0 u 6x—4y+8=0; 0) x+2y—50 u 6x-3y+7=0.
141. Onpenenuth pacCTOSIHUE MEXY HapajlIeIbHbIMU MPSIMBIMU:

a)3x—4y—-6=0 u 6x—8y+28=0; 0)15x+36y=105u5x=-12y-30.
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142. Hana mnpsamas 12x -5y —-26 = 0. CocraBuTh YypaBHEHHUS MPSIMBIX,
HapauIeIbHBIX TaHHOW M OTCTOSIIUX OT HEe Ha pacCTOSTHUU d=2.

143. Haiitu BHYTpeHHHUE YIJbl TPEYTrOJbHUKA, CTOPOHBI KOTOPOIrO 3ajaHbl
ypaBHeHUsIMHA: X+2y=0, x+4y-6=0, x —4y— 6=0.

144. HanucaTh ypaBHEHHSI CTOPOH M HAWTH YIJIbI TPEYroJbHUKAa C BEpIIMHAMU
A (0;7), B(65-1), C(2; 1).

145. HailTu TOYKy NI€pecedyeHHs] MeOUaH M TOYKY IEPECEUEHUsT BBICOT
TPEYroJIbHUKA, BEPIIUHBI KoToporo A(-4;2), B(2;-5), C(5;0).

146. Haiitu nqiuab! BeicoTel BD, meauansl BE u Ouccektprcs BL B TpeyronsHuke
c BepmmmHamu  A(-3;0), B (2;5), C(3;2).

147. Nan tpeyronbHuk ¢ BepumHamu A(0;-4), B(3;0), C(0;6). Haiitu paccrosiHue
ot BepirHbl C 10 OUCCEKTPUCHI yria A.

148. Jlanbl BepunHbl TpeyroyibHuka A(-4;3), B(4;-1) u Touka nepecedyeHust BHICOT
M(3;3). Haittu tpetbto Bepmiuny C.

149. Jlan tpeyrompauK ¢ BepmuHamu A(-2;0), B(2;4), C(4;0). Haittm ypaBHECHHS
CTOpPOH TpeyroibHuka, Meauanbl AE, BeicoTsl AD u jymuny meauanst AE.

150. [Hanmwsr BepmmHbl TpeyrombHuka A(2;-2), B(3;-5), C(5;1). CoctaBuTh
ypaBHEHUE NepIeHANKYJsApa, OMyHIeHHOro u3 BepmuHbl C Ha OuccekTpucy
BHYTPEHHETO yIJa Ipy BepmuHe B.

151. HailTu BepumMHBI OPSIMOYTOJBHOTO PAaBHOOEAPEHHOIO TPEYroJbHUKA, €CIIU
nana BepimHa npsimoro yria C(3;-1) u ypaBHeHHe TUTIOTeHY3bI 3X —y+2=().

152. CocraBuTh ypaBHEHUS] CTOPOH TPEYTOJbHHKA, Ui KOToporo Touku A(-1;2),
B(3;-1), C(0;4) siBasitoTcst cepeAMHaMU CTOPOH.

153. CocTaBuTh ypaBHEHHUSI CTOPOH TPEYTOJIBHUKA, €CIIM JIaHbI OJ[HA W3 €r0 BEPIIUH
(-1;2) m ypaBHeHws1 IBYX MempaH 4x —y —8=0, 5x+4y-17=0.

154.B Ttpeyronbnuke ABC pnanbl ypaBHeHusi ctoponbl AB: x+7y —6=0 u
ouccektpuc AL: x + y —2=0 wu BM: x — 3y — 6 = 0. Haiftu xoopauHaThI
BEpIIMH. Ykazanue: Halitn koopauHaTel BepimH A 1 B U cumMMeTpruuHbIe UM
TOUYKU A; 1 B; OTHOCUTENBHO COOTBETCTBYIOIIMX OuccekTpuc. [Ipsmeie AB; u

BA; — nBe n1pyrue cTOpOHBI TPEYTOJIbHUKA.
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155./1an  TpeyronbHuk ¢ BepummHamu A (3;5), B (6;-2), C (-4;-1). Haiitu
ypaBHEHUE TEPICHANKYJSApPA, MPOBEICHHOTO W3 BEpIIMHBI B Ha Memuany,
UCXOJISAIIYIO U3 BEPIIUHBI A.

156. JTanst Touku O (0;0) u A(-3;0). Ha orpeske OA mocTpoeH mapaiieorpamm,
JMaroHainu Kotoporo mnepecekarorcss B Touke B(0;2). Hammcars ypaBHEeHUS
CTOPOH U IMaroHajiel mapajjienorpamma.

157. Jlansl n1Be cMexxHble BepinHbl A(2;5) n B(5;3) mapannenorpamma ABCD u
touka M(-2;0) nepeceuenus ero nuaroHaiei. CocTaBUTh YpaBHEHHsI CTOPOH
ATOTO MapaieorpaMma.

158. JIBe cTropoHBI KBagpaTa JekaT Ha OpIMbIX 4x-3y+15=0 m 8x-6y+25=0.
Bbraucnuthb ero mioma/ib.

159. JIe cTopoHBI MapajuieorpaMMa 3aJIaHbl YPaBHCHUSIMH Y = X —2 U X — S5y +
6=0. JlnaroHnanu ero mepecekaroTcs B Haudaie koopauHaT. Haittu ypaBHeHUs
JMaroHasnei u IByX JAPYTUX CTOPOH MapaiiesiorpaMmma.

160. Beraucnuth KOOpAWMHATHI BEPITUH poMOa, €CIM W3BECTHBI YPaBHEHUS IBYX
ero ctopoH: X +2y =4 u  x + 2y =10 u ypaBHEHHME OJHOW U3 €ro
IuaroHainen y =x+2.

161. Touka M (X; y) ABHXKETCS TaK, YTO Pa3HOCTh KBAJI[PATOB PACCTOSHUN OT HeEe
10 Touek A (-a; a) u B (a; -a) ocraercst paBHoii 4a”. Hamucath ypaBHEHHE ce
TPaCKTOPHH.

162. Kaxkas n0pKHA OBITh 3aBUCHMOCTh MEXAy Koddduuuentamu a u b, 4To0b1

npsiMast z +% =1 o6pasoBana ¢ ocsro OX yron : a) 45°%; 6) 60°?
a

163. Hdana mpsimast 2x + y —3 =0 u Touka A(-2;3). Uepe3 Touky A mpOBECTH
IPSAMYIO, HAKJIOHEHHYIO K JAHHOU MPSIMOU I10J1 YIJIOM 45°,

164. B Touke mepeceueHuss mpsimoir  2x — Sy — 10=0 ¢ ocsiMu KoOpAMHAT
BOCCTAHOBJICHBI IIEPIICHAUKYJIISAPHI K 3TOU npsiMon. Hamrcars ux ypaBHEHUS.

165. CocTaBuTh ypaBHEHHS MPSMBIX, TEPHICHAUKYIAPHBIX K TpsiMoit 2x+6y — 3=0

Y OTCTOSIIMX OT ToukH (5;4) Ha paccrosHue V10 equnmm,
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166. WM3pmepxku TmepeBO3KM JABYMS BUAAMH  TPAHCIOPTa  BBIPAXKAIOTCA
ypaBHeHusMu: y=150+50x u y=250+25x, rae x — paccTosinue (B COTHSIX
KM.), ¥ — TPAHCIIOPTHBIE pacxobl (B ThiC. py0.). HaunHas ¢ kakoro paccTosHus,
00J1e€ 5KOHOMHYEH BTOPOM BUJT TpAHCIIOPTA?

167. 3nas1, yTO U3MEHEHHE 00beMa MPOU3BOJICTBA ) B 3aBUCUMOCTHU OT U3MEHEHUS
MPOU3BOJAUTEIILHOCTH TPYAa X MPOUCXOAUT MO MPSIMOM JIMHUHU, COCTABUTH €€
ypaBHeHUE, eciu npu x=3y=185, a mpm x=5 y=305. Onpenenuth 00HEM

npou3BojicTBa mpu x=20.

TecT 3
1. Haiitu cymmy (X + yo), TA€ Xo, Yo KOOPJIMHATHI TOUKH NIEPECEUCHUS MEIUaH

tpeyroasauka ABC, rae A(2;4), B(-3;0), C(7;-7).
2. HaiiTi paccTosiHue MEXTy MMapaIeIbHBIMU MPSMBIMH:

y=-0,75x-6 u 3x+4y-12 =0.

3. Hopmansnsiii Bektop I mpamoit Ax + By + C = 0 umeeT KoOpIMHATHI a)
N=(4B); ¢ N=(4BC),

4.¢

B) N =(4;,C) ; r)ﬁ:(_B’zB)'

4. Ecnu nipsimast mepneHaAuKysipaa ocu OX, To ee yriioBoit kodhuineHt paBeH:

a)l; 6)90° ; B)0; r)o.

5. Ilpsmas y = x 00pasyer ¢ NOJIOKUTEIbHBIM HAIIPaBICHUEM OCH a0CLUCC YTOI:
0 V4 27
a)0”; 0)—, B)—, r)7T.
4 3
6. YpaBHeHue mpsmMoii, napamiensHoit ocu OX, umeeT BUJI:

ax 5 c
= —— X =——
a)) ¢ ) 6)’,

c
B)y:_%; F)x:—;_

7. YpaBHenue npsamoi, nmpoxoasien yepe3 Touku M (1;2) u N (0;3) umeer Bun: a)
y=-x13; 0)y=x+1;
B) xty+3=0; r)x-y-3=0.
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8. YcTaHOBUTE COOTBETCTBHE MEXAY YPABHEHUSIMU MPAMBIX U X HA3BAHUSIMHU:

X — X —~
1) obOmiee ypaBHEHHE TIPSIMOIA a) 1 _ Y™ N .

Xo =X Yo— Y1

2) ypaBHEHUE NPSIMOI C YTIIOBBIM
K03 HULIIEHTOM 0) y = kx +b;

3) ypaBHEHHUE TPSIMON B OTPE3Kax B) Y —VY1 =K (X—Xy);

4) ypaBHEHUE NPSIMOIL, MPOXOASIICH Yepe3 r) AX + By+c =0;
JaHHYIO TOYKY B JJAaHHOM HarpaBJICHUH

. . Xy
5) ypaBHEeHHE NPAMOU, TPOXOAIEH Yepes n) —+-==1.
a

b

ABE€ JaHHBIC TOYKHU

9. B tpeyronpauke ABC u3BecTHBI BepIIHHbI Tpeyroibuuka A(— 4;3), B(2;5), C(6;-

2). CocTaBUTh YpaBHEHUE BBICOTHI, MPOBEICHHOMN U3 BEPIIMHBI A.
Omsem: 4x+ By +C =0, rme B=...,C=...
10. lnuna meaumansl AE tpeyrombhuka ABC, tne A(2;4), B(-3;0), C(7;-2)

paBHa...
11. Octpsiii yrox ( B rpamycax) Mexay IpsaMbiMu 4X -2y —7=0 u y= éX —

11 paBeH ... .

12. Kakue U3 naHHBIX TPSIMBIX MEPICHIUKYISIPHBI IPMoi 2x —y + 3 =0:

1) 4x+8y+17=0; 2) 4x-8y-11=0; 3)y = -%x+5; 4)y = -2x-T; 5)%+ %z 1.

a)2u4; 0)2u5; B)l u 3; rnl;3;5.
13. YpaBHeHue npsMoii, mpoxoasimen uepe3 Touky A(—3;4) mapamienbHO MPsSMOi
2x —3y+7=0 umeer BUA:
a) 2x + 3y —6=0;
0) 2x 3y +18=0;
B) 2x +3y—1=0;
r) 2x3y-1/=0.
14. YpaBHeHue TPsIMOi, mpoxosieii depes Touky A(5;-1) mox yrmom 45° k ocu
OX umeer Bua y=kx+b, rme k=..., b=... .

15. Paccrosinue ot Touku M(5; -3) o npsimoit 4x+3y + 4 =0 paBHoO ...
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Bonpocbl aass camonmpoBepku mno Teme «Ilpamas Ha

NJI0CKOCTH

1. Ipsimast TMHUS, HOPMATBHBIN M HAIIPABJISIOIINN BEKTOPHI TIPSIMOM.

2.OcHOBHBIE BUJBl ypaBHEHHUS MpsAMOil (oOIuee, ¢ yriaoBbeIM Kod(dduireHToMm, B
OTpe3KaxX, MNPOXOMSIIEH dYepe3 [aHHYK TOYKY B JaHHOM HaIpaBJICHUH,
POXOAIIEH Yepe3 IBe JTaHHBIE TOUKH).

3.YrnoBoii KO3QGUIMEHT TPSIMOHN, €ro OIpeneieHHe M MPSMBIX, 3aJaHHBIMH
Pa3JIMYHBIMH BUAAMU YPABHEHHUU MPSIMBIX.

4. WccnenoBanue ypaBHEHHs IPSMOM ¢ yTIOBBIM KOI(PPUITUEHTOM.

5.MccnenoBanue o0111€T0 ypaBHEHUS MPSIMOM.

6.Yron Mexay 1ByMs NpsIMBIMU: MOHATHE, (GOPMYIIBI U HAXOKACHHS TAHTEHCA U
KOCHHYCa yIJia MEX]1y IPSIMbIMH.

7.Y cnoBus napajyuieIbHOCTU U NEPIIEHANKYIISIPHOCTH IBYX KPHUBBIX, 3a/1aHHBIX:
a) OOIIMM YpaBHEHUEM;

0) ypaBHEHUEM C YTJIOBBIM KO3(P(HUIIIEHTOM.

85



4. KPUBBIE BTOPOI'O INOPAJAKA

4.1. HeoOxoaumblii TeOpeTHYeCKUH MUHUMYM

Onpeodenenue 4.1. O01UM ypaBHEeHHEM KPUBBIX BTOPOTI0 MOPAIKA HAa3bIBACTCA

YPaBHCHHUC B’IOpOﬁ CTCIICHU C IBYM: IICPCMCHHBIMHU BHId

Ax*+Bxy+Cy*+Dx+Ey+F=0, (4.1)
rie A, B,C, D, E, F —uncna u A°+ B>+ C*#0.
Pa3znnuaror cneayromye BUabl KpUBBIX BTOPOTO MOPSIKA:
1. snnunmuueckuii (ecim AC-B? > 0); 2. eunepbonuueckuii (ecin AC-B? < 0);
3. napabomuueckuii (ecmu AC-B? = 0).
Onpeodenenue 4.2. INIUINCOM HA3BIBACTCS FEOMETPUUECKOE MECTO TOUYEK, CyMMa
PACCTOSIHMI OT Ka)J0W M3 KOTOpBIX A0 ABYX AaHHBIX Touek F; u F, (Ppoxycos)

€CTh TIOCTOSIHHAS BEJIMYHHA, OoJbinast, ueM |FiF,).

I @DoKyChI JUTMIICa MOTYT pacroyiaraThbCsl WM Ha OcH abcuuce Wik Ha ocu opauHar. Ha
puc. 4.1. u300paxeH UIUIIC, POKYCHI KOTOPOTO JIeXkKAT Ha
ocu OX; a Ha puc. 4.2 —nurnc ¢ pokycamu Ha ocu OV.

Y 4
B1 (O} b)

- o y | |

Puc. 4

|

=<

v

A(-a;0)

B (0; -b)
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Onpeodenenue 4.3. I'mnep0010i Ha3bIBACTCA FEOMETPUUYECKOE MECTO TOYEK, IS
KOTOPBIX MOJIYJIb Pa3HOCTH PACCTOSHUN 10 IBYX JaHHBIX Touek F; u F;, (poxycos)

CCTb IIOCTOAHHAA BCIIMYUHA, PaBHAA 2a.

Puc. 4.4

| ®doxkycel runepOoIIbl MOTYT PacoIaraTbCs WIM Ha OCH a0CLIMCC WIHM HA OCH

opaunat. Ha puc. 4.3. uzobpaxkena runep0osa, PoKyChl KOTOPOH JexkKaT Ha
ocu OX; a Ha puc. 4.4 — runepbona ¢ pokycamu Ha ocu OV

Onpeoenenue 4.4. Ilapabosioll Ha3bIBacTCA reOMETPUYECKOE MECTO TOYEK
IUIOCKOCTH, PaBHOYJAJICHHBIX OT JaHHOM TOYKH — (pOKyca W JaHHOU MPSMOM —

JTUPEKTPHUCHL.
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M(x;y)

v

pl2|  ON_F(p/2; 0) X

Puc. 4.5

/ M(x;y)
©:012) /

pi2

Puc. 4.6

®okyc mapaboyibl MOXKET pacrojaraTthCs WM Ha OCH aOCIMCC WA Ha OCH
opauHat. Ha puc. 4.5. uzo6paxkena napabosa, pokyc KOTOPOI JiexaT Ha OCH
OJX; a Ha puc. 4.6 — napabona c poxycom Ha ocu OV.

e (CBOJI OCHOBHBIX JaHHBIX IO KPUBBIM BTOPOTO MOPSIKA aH B Tabiuiie 4.1.
e Kpome mnpuBeneHHbix B Tabnuie 4.1 KpUBBIX HCIOJNB3YETCS MPU PEIICHUH
3a/1a4 06pamHo NPONOPYUOHANbHAA 3asucumocms (TUnepOosia) BUaa:

y - ax+b
cx+d’

«HOBBIN» LIEHTP

0-(_E;E);(C = 0,bc—ad = 0).
cCcC !

) =as/ - X =— (y
ACHUMIITOTHI: y C ’ (o
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Tab6muma 4.1 - KpuBbie BTOpoTo mopsiika

DIunc I'unep6ona [TapaGona
Fi2e OX Fi2e OY | F12e OX Fi2 e 0Y Fe 0X F c0Y
y*=2px X°=2py
. : : (p>0- (p>0-
Z 2 2 2 2 BETBU BETBHU
§ 2 X_+y_:1 X__y_:]_ _X__I_y_:]_ BIIPABO, BBEPX,
T § a’ b? a’ b’ a b2 p<0-BneBo)| p<0-
g = BHM3)
2 5
a—Oonpimas | @ — Manas | a —|a — MHuMad p-mapamerp
~ MoJIyoch, b — | monmyoch, | medcCTBUTENbHAS | TOJYOCH,
2, mainas (@>b); | b — | mosyoch, b -
5 2_52.1p? 6 b— ) o
S c=a OJIbIIas MHUMa4; JCUCTBUTCIBH
s (a<b); c’=a’+h? ast; c°=a’+b?
S c2=h?-a>
A1 (£2;0); Ay (#a;0) -] A1z (#a0)- O (0;0)
Bi12(0; £b) JCUCTBUTENbHAS, | MHUAMAs,
= Bi, (0; :Eb)- Bi2 (0 ﬂ:b)-
= MHUMas BEpIIUHA | JICHCTBUTEb-
% Hast
as)
I'paduk | Puc. 4.1 Puc. 4.2 | Puc.4.3 Puc. 4.4 Puc. 4.5 | Puc4.6
@okyc | F12(%C;0) F12(0;£C) | F12(£c;0) F1,2(0; +C) F(r;0) | F(@; r)
- 2 2
DKCIeH c c =1
TPHCHUT £=—<1 e=—<l g=->1 c=—>1
er a a b
Hpyroe - - ACHUMIITOTHI HMupextp | dupextpu
N b uca ca
y =T—eX
a X = _E y = _B
2 2
° OKpY>KHOCTb PaBHOGOYHAS PaBHOOOYHAs - -
2 s K2t yP= K2 X2 — yP=a? _xPryP=al
=
)
D—‘ o
° (X—%,)° (X—X,)? (y-yo)’= | (x —xo)*=
> 2 Tz b F2pkexo) | = 2p(y-yo)
5 | (1), (y=vo) : 2
2 Q (AR | VAR N 0 79 M B €' 1) MY
T = 2 2 b2 b2
g o a b
= £
S =
> 2
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4.2. Pemienye THNOBBIX 32124
3agaua 4.1. IloctpouTs >3iIMIC x*+4y°=16, mHaiiTh ero (OKyCH u
HKCLEHTPUCHUTET.

Pemenmne.

1. IIpuBeneM 3ajlaHHOE ypaBHEHHE SJUIMIICA K KaHOHWYECKOMY Buay (Tabn.4.1):
xZ y2

—2+b—2=1. Jlsist aToro pasnenuMm o0e 4YacTu 3aJlaHHOTO BbIpakeHHs Ha 16:
a

L ay? 16 Xy

TR =—=_—+"—"=1 C 92 = 2_ _
6716 16 16 a1 Orcwona crenyer, uro: a” = 16, b*=4, re. a = 4,

b=2. 3amerum, uro a>b, mosromy a — Gonbpmas mosryock suuica, b — manas, 1.e.

dbokychl pacnoiokeHbl Ha ocu OX (cM. Ta6u. 4.1) 1 HaXOAATCA TaK:

Fiz2 (& ¢;0), te ¢’=a’-b® = 16 —4=12 =>c =12 = 23 => F1,(+243,0).

I 2Cc — 9TO paccTosiHue MEXIy (OKycamH, MOITOMY, HCXOJd HUX TMOHSATHUS
JUTHBI (MM PACCTOSHUSA) MBI ITHIIEM ¢=2+/3, a He c=£24/3.

2. DKCIEHTPUCUTET AJUIUIICA, (DOKYChI KOTOPOTO JIeKaT Ha ocu abciucce (Tabi. 4.1)

c:2\/§ V3 V3

. : _C_2¥3 N3 _ V3
Halisiem 1mo hopmye £ 2 5 & 5
A Y
2| By (0; b)
-4 243 4 .
A 2/3 A S X
-2 B»(0;-b)
Puc. 4.7

3. I[locmpoenue sanunca BHITIOTHSIOT B CICIYIOIIEM TTOPSIIKE:
a) OTMEYAIOT BEPIIUHBI dutniica Aj »(£a;0); Bj,(0;xh).
B namem ciyuae: A1(4;0); Ax(-4;0); B1(0;2); B2(0;-2).

0) CoeMHAIOT OTMEUEHHBIE BEPIIMHBI TUIABHOM InHUEH (puc.4.7).

OtBeT. F1 (£ 2/30); = g .
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3agaua 4.2. CocTaBUTh KAaHOHUYECKOE YpaBHEHHUE JILIUIICA, 3HAS, 4TO (DOKYCHI
nexat Ha OV, paccTosiHue Mexay (okycamu paBHO 8, a Ha ocu abCIUCC AIUIUIIC
OTCeKaeT oTpe3kH, paBHble 3. [locTpouTs nanHbIi Auunc. Haittu ero gokycsl u
AKCLIEHTPUCUTET.

Pemenne. Kanonuueckoe YPAaBHCHHUC JJIJIUIICA UMCCT BU!

%2 y2
a0
[To ycnoButo 3amaum a=3, 2¢=8, 1.e. c=4. Tak kak F;, € OV (1o ycnosuio), To c?
= b? — a® (cm. Tabn.4.1) => 4°=h? —3% => b?=4?+3?=25 => b=4/25 =5. Utak, a =3 —
MaJiast IoJIyoch, b =5 — GoJbIas moryock 3JUIAIICA.

YA

—4| F,

Puc. 4.8

[ToxcraBuM HaiieHHbIE BEIUYMHBI @ U D B ypaBHeHue (*):

2 2 2 2
X Y =< X Yy
—+—=1=>"—+:-—=1 — UCKOMOE ypaBHEHHE djuIca (puc. 4.8.)

Torpa F1,(0;2C) => F1,(0;+4); ¢ = =08.

2RI

C
b
2 2

OTBer. % 4 % =1; F1,(0:%4); £=0,8.

3amaua 4.3. Iloctpouts rumepbomy x° — 4y° = 16, Haiitn eé (OKycH

9KCUCHTPUCUTCT, HAITMCATDh YPABHCHUA ACUMIITOT.
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Pemenmne.

1. IlpuBenem 3amaHHOE ypaBHEHHE K KaHOHHWYECKOMY BHIy (Ta0in.4.1) u Hailimem

2 2

Xy
boxychI: 2 bl =1, Jns storo paszmenum obe 4acTH 3aJaHHOTO BBIPAKEHHS HA

b2
2 2

16: I_G _yT =1 => (pokychl Jexkat Ha ocu OX.

Orcrofa cieayer, uro: a° = 16 => a = 4 — feiicTBuTenbHas monyocsk, b’=4 =>b =
2 — MHUMasi noiyoch runepoonsl. M3 tabmuusl 4.1 BuaHo, uro Fp, (£C;0), roe
c’=a*+h*=16+4=20 => c=2/5=> Fy, (+245:0)

2. DKCIEHTPUCHUTET rurepooibl HalieM 1o popmysie (Tadi. )

c_25_5_ 5

a 4 2 2

3. YpaBHeHus acuMnrot (cM. Tabn.4.1):

b 2 X
=F— XDVt X=>Yy=%2—
y a y 4 y >

4. [locmpoenue eunep60.1vl BHITIOMHSAIOT B CICTYIOIIEM TOPSIKE:
a) OTMEYAIOT JCHCTBUTEIbHBIC BEPIIMHBI TUIIEPOOJIBI:
Arp (£8,0) => Ay (A;0); Ax(-4:0);
0) oTMe4aroT MHMMBIC BepiuHbl: By, (0;£0) => B(0;2); B2(0;-2);
B) uepe3 TOo4ku Aj;, u Bj, MPOBOJAT OTPE3KH, IMapaJlICIIbHbIC
cooTBeTCTBEHHO ociM OV u OX u npogoinkaroT HX [0 MOJy4eHUs

MpAMOYT'OJIbHHKA, KOTOpBIfI Ha3bIBAXOT OCHOBHbBIM NPAMOY2O0JTbHUKOM,
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F) B OCHOBHOM IIPAMOYTOJIBHUKE IIPOBOJAAT JUAroHalin U IPOoaAO0JIKAarOT UX BO
BCC CTOPOHBI — 3TO acumnmnomal FI/IHep6OJII)I;

I[) IMPOBOJAT 4YCPC3 I[GﬁCTBI/ITGJII)HLIG BCPIIHWHBI ABC CUMMCTPUYHLIC BCTBU
mnep60m>1, BCC HpI/I6JII/I}KaSI X K aCHUMIITOTaM (HO MCPC YAAJICHUA OT Hadajia

KoopauHar) (puc.4.9).

OtBer. F1, (£245;0); ¢ zg; y:ig

3anaua 4.4. CocTtaBUTh KAHOHMYECKOE ypaBHEHHE THUNEPOOIBI, eciu e€ (POoKyChl

; puc. 4.9.

aexatr Ha ocu OV u paccrosiHue mMexay HUMHU paBHO 20; AecTBUTENbHAs OCh
runepOosibl paBHa 16. Haiitu e€ pokychl U SKCIIEHTPUCUTET.

Pemenue. 1. YpaBHeHue runepOoiibl B 3TOM ciiydae OyaeT umeTh Buj (tadmn.4.1):

2 2
X o
——+—f;2 =1, TAOe b — ACUCTBUTCIIbHAA, a — MHHMAA II0JIYOCH FHH€p6OJII>I.

a.2
Cornacho ycnopuio 2¢=20, 2b=16 => ¢=10, b=8.
MHUMYIO0 ITOJTyOCh TUIIEPOOJIBI @ HAlJEM U3 COOTHOLIEHUS:
F=a’+b => a’=cF"-b'=> a’=100-64=36 => a=b.

2 2
VYpaBHeHUE TUNIEpOOIIbI UMEET BUA: 36 + % =1 (puc.4.10).
VY a
8
-6 6 X
-8

Puc. 4.10
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2. ®oxkycel runepoonsl: Fi , (0;+c) => Fy, (0;£10).

3. DKCIEHTPUCUTET: &= % = % =1,25.
2 y2
OtBer: — 36 + o4 =1 (puc.4.10); Fi, (0;£10); & =1,25.

3anaua 4.3. Ilapabona ¢ BepmMHON B Hayajie KOOPAMHAT MPOXOAUT Yepe3 TOUKY
A (2;4) u cummetrpuyHa oTHocuTelbHO ocu OX. HaliTu ypaBHeHue mapabolibl,
3amucath €€ POKyc U ypaBHECHUE TUPEKTPHUCHI.
Pemenune.1. T.x. mapabona mnpoxomut uepe3 Touky O(0;0) m cummerpuyHa
oTHocuTebHO ocu OX, To €€ ¢okyc pacmnoyioxkeH Ha ocu (OX, a ypaBHEHHUE
napaboist (Tabm.4.1) umeer Bum:  y’=2px  (*).
IToxCTaBUM KOOPIMHATHI TOUKH A B ypaBHeHue (*): 4°=2ps2 => p=4.
Toraa HCKOMOE ypaBHEHHE mapadoisr: Y =8X.
2. YpaBHeHue qupekTpucsl (tabin.4.1): Xx=-2; dokyc napabdomist F(2;0).
3. Ilocmpoenue napabonvl 8binoIHAOM B CIEAYIOUIEM TOPSAKE:

a) otMeyarot BepinHy napa6oss O (0;0);

0) oTMeuaroT JI00YI0 TOYKY, MpHUHAJISKaIIyo napadone. B Hamem ciayuae
aTo A (2;4).

B) CTPOSAT TOYKY, CHMMETPUYHYIO OTHOCUTEILHO OCH CHMMETPHH 1apabosl (B
/
namem ciayuae OX), T.e. A’ (2;-4).

T') MPOBOJAT MapadoJly uepe3 BEPLINHY U TOUKU A U Al (puc.4.11).

Puc. 4.11
Otger. y°=8x (puc. 4.11); x=-2, F(2;0).
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3agaya 4.6. Hamucate ypaBHeHHe mapalosibl U €€ NUPEKTPUCHI, eciau napabosna
IIPOXO/IMT Yepe3 TOUKHU ePecedeHns IPsIMOil X + v = 0 1 OKPY)KHOCTH X~ + y° — 4x
= 0 1 cuMmMeTpHuYHa OTHOCUTENBHO ocu OV. Onpenenutb KoOpAUHATHI (HOKyCa.
Pemienne. 1. Halinem TO4YKM nepecedeHMs 3aJaHHBIX JIMHUM, PEIIUB COBMECTHO
ypaBHEHHS: X +y=0; X1=0, X,=2;

X +y’-4x=0 =>]7 y1=0, y,=-2.
Touku mepeceuenus: 0(0;0), A(2;-2). T.x. mapabosa MPOXOAUT Yepe3 TOUKY
0O(0;0) m cummerpuyHa OTHOCHTENbHO ocu OV, To B 3TOW TOUYKe Oyner
HaXOJIUThCA BeplIMHa mapadosbl, a Qokyc pacnosoxked Ha ocu OV. Ilostomy
ypaBHeHHUe mapaGoIsl uMeet Buj (Tabm.4.1): X2 = 2py.
Tak kak mapabona MPOXOAUT Yepe3 Touky A(2;-2), To KOOPAUHATHI STOM TOUYKU
VIOBJICTBOPSIOT YPaBHEHUIO Mapaboisl: 2°=2p « (-2) => =>—4p=4 =>p = -1.

VitaK, ypaBHeHne napaboisr: x° = —2y (puc. 4.12).

2. YpaBHeHue TupeKTpuch (Tabi. 4.1): y=- 5

3.®oxye (a6, 4.1): F(0; £)=> F(O; -%).

A

v

Puc. 4.12

| | Ilpu mnoctpoeHnn mnapaOosibl HMCHONB30BAJIM HAMIEHHY0 B MyHKTEe |
" | pemenus naHHOM 3amaur  Touky A(2;-2) W el CUMMETPUYHYIO

otHocuTensHO ocu OV touky A’ (-2;-2).

OtBer. x° = -2y (puc.4.12);

y_l. 1
5 F(0;-2)
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3apaua 4.7. [IpuBecTu KpuBBIE BTOPOro MOPSAKA K KAHOHUYECKOMY  BHIY U

IIOCTPOUTH:
1. x*+y*-8x-10y-8=0; 2. 5x*— 4y*+16y-36=0;
3. y22x+4y+2=0; 4. .y = 4‘31’6.

o

Pemienne. 1. IlpuBeneM K KaHOHMYECKOMY BUAY YPAaBHEHHE KpPUBOU x° + y2 —
8x —10y —8=0. [lns sToro: a) rpynmupyeM YJIeHbl YpaBHEHHS, COJACpPIKAIINE
OIHOMMEHHBIE KOOPAUHATHL: (X° — 8X) + (y°— 10y) — 8 = 0;
0) TOMOJHSIEM YJIEHBI B CKOOKAaX /10 TIOJIHBIX KBAJPATOB:
(X2-204ex+42-4)+(y?-2050y+5%-5%)-8=0 =>(x-4)*-16+(y-5)*-25-8=0 =>

(x— 4%+ (y - 5)°=49 (*).
'= x-4

X
B) O003HaUYMM: { ,

Y= o5 dhopMyJIbl TapauIeIbHOTO TIEPEHOCA.

. . x =4,
Torna ypaBHEHHsI HOBBIX OCEH B CTapOW CUCTEME KOOPJIWHAT UMEIOT BUJ: { c
y=29.
OI
HoBoe Hadano KOOpAMHAT TOMELIAETCS B TOUKE (4;5).
) 784 !
r) Vpasmenue (*) B HoBoii cucteme koopaunat X O'Y' npunumaer Bun:

/2 /2
X" +Y "% =49 3agannoe ypaBHeHUe ONpeneisieT OKPYKHOCTb C LEHTPOM

o !/
(HaxodieMcs: B TIEpBOHAYAIBLHON CHUCTEME KOOPAMHAT) B TOUKE O (4;5) n

paguycom R=7 (puc. 4.13).

A A
y v/ /_
51 O
(@) 4 g X/
2 11 X
Puc. 4.13

2ITprBeneM K KAHOHHIECKOMY BH/LY YPaBHEHHE KPUBOit 5x° — 4y” +16y —36=0.
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a) I'pynnupyeM uieHbl ypaBHEHHS, COAEpKAaIIUE OAHOMMEHHBIE KOOPAMHATHI:
5x°+ (- 4y*+16y) — 36=0 => 5x° — 4(y” - 4y) — 36=0.

0) JlonmoyHsIeM BBIpaXkeHHUE B CKOOKE JI0 TIOJIHOTO KBajpara:

5x° 4y —4y+4-4)-36=0 => 5x°—((y—2)°-4)-36=0=> 5x"—4(y—
2)?+16 — 36=0 => 5%x%— 4(y — 2)*= 20.

B) Paznenum o6e yactu nocneaHero ypapHenus Ha 20:

2 2 2 2
5x° Ay -—2) ZZO:x (=2 1)
20 20 20 4 5

r) CpaBHHBas TMOCIEAHEE COOTHOIIECHUE C YPAaBHEHHEM THUIEPOOBl C IIEHTPOM B

Touke O' (Xo;yo) (Tabma. 4.1), HaxX0AMM KOOPJAUHATHI HOBOT'O Havana: Xo=0;yo=2, T.e.

HOBO€ Hayajgo KoopauHAaT mnomemaercss B Touke O (0;2). Dopmyisl

!’ ! )
napauIeabHOro mepeHoca: X =X ;¥ =y —2. Torma ypasHenue (*) B HOBOIL

er yrZ

4 S

cUcTeME KoopauHaT X'O'Y' npuHUMaeT BU: =1. Takum oOpazom,

3aJJaHHOE YpaBHEHHE OMpeAeNsieT TUnepOoiy ¢ ACHCTBUTENHFHON MOTYOChI0 a=2,

MHUMO} 1onyocsto b= /5 1 eHTpoM, HaXOAIIyIoCs B HEPBOHAYATLHOM cCUCTEME

!
KOOPJMHAT B TOUKE O (0;2).

YA Y/
\ i /
2@ - X
7|0 \ 7 X
TN
Puc. 4.14

3. IIpuBeseM K KaHOHHYECKOMY BHAY YpaBHEHHE KpHBOH y° — 2X + 4y + 2 = 0,
a) ['pyIIEpyeM WICHBI ¢ OJHONMEHHBIMU KOOpAHHATAMY: (Y+4y)—2x +2 =0.

I[OHOJ'IH?ICM BBIPpA’KCHHC B CKOOKax A0 IIOJHOTI'O KBaJparta:
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(Y +220y + 4-4)-2x+2=0 =>(y+2)° -4 —2x +2=0 =>(y+2)°-2x—2=0 =>
(y+2)°=2(x+1) (¥).

0) CpaBHuBaeM BbIpakeHHe (*) ¢ ypaBHEHHEM MapaloJibl, (OKYC KOTOPOM
pacrosoxeH Ha ocu OX ¢ LIGHTPOM B TOUKE O’ ( X0;y0) (Tabn.4.1.):

(y = yo)* = 2p(x — o).

[ToaTOMy KOOpAMHATHEI HOBOTO Havyana: X¢——1, yo = — 2, T.e. O’ (-1;-2).

!

x'= x+1

B) @opMyIibl TApAIJIEIBHOTO MepeHoca: { )

y'= y+2. ()

YPaBHGHI/ISI HOBBIX OCEH KOOpAHHAT B CTapOﬁ CUCTCMC KOOPpIHHAT ! {

B pesynbrare mapaienbHOro InepeHoca oceil koopauHat 1o (opmynam (**)

2 '
ypaBHenue (*) B HOBOI cucteMe KoopauHat X'O'Y' npunmmaer Bux: V= 2x

3ajaHHOE YpaBHEHME oOnpejelseT mapabony ¢ BepmmHoii B Touke O (-1;-2),

ocbto cumMerpun O'X' u mapametpam p=1 (puc.4.15).

Ny

v
X

%

P era
B

N
L

Puc. 4.15

v
pad

£\

r) Jlnsa GoJsiee TOUHOTO MOCTPOCHUS KPUBOM MOXKHO HAMTH €€ TOUYKHU MepeceueHus
CO CTapbIMU OCSIMU KOOPJIMHAT:

e ¢ ochio OX (y=0): 0%-2x4+40+2=0=>-2x+2=0=>x=1,

( [HoncraBunu y=0 B mepBoHauyaibHOE ypaBHEeHHE KpuBoil). Utak, A(1;0)- Touka
nepecedeHust mapadbosisl ¢ ocbio OX.

e ¢ 0chio OV (x=0): y*2+0+4y+2=0=>y*+4y+2=0=> peunm mnoiydeHHoe

KBaJIpaTHOC YPABHCHHC:
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—4++/8 —4+2.2
2 2

y1 =-2-/2 ~ -34;y,=-2+/2 ~ -0,6.

D = 4%-4¢12=8=>V, ,= —2+4/2 =>

WTak, Touku nepeceueHns ¢ ockio OV: B(0;-2-+/2), C(0;-2++/2).

o 4-3x
4. TlpuBeneM K KaHOHUYECKOMY BHUJY ypaBHEHHE KpUBOM y = ———. MoOXKHO

JaHHYIO KPUBYIO ITPUBCCTHU K KAHOHUYCCKOMY BUY pPa3JIMNYHBIMU criocobamH.

| cnocob
N ax+b
a) IMeeM npoOHO-JIMHEHHYIO (QYHKIIMIO BUAA ¥ = . (c#0; bc-ad#0), rpadukom
cx +
a d
KOTOPOii ABISIETCS PaBHOGOYHAS rumepOoa ¢ acummrotamu -V — ; , XY= E,
, d a
napajuieIbHBIMUA OCSIMU KOOPJIMHAT, C IIEHTPOM B Touke O’ (- Pl ).
/
A Y Y
=0 2 4 X >

Puc 4.16
_ —3x+4
0) B Hamem ciyuae: y= ¥ —1 => a=-3; b=4; c=1; d=-1 =>
a d
E =-3 CT E =1 . Torma nHoBoe Hauano koopauHat ecth Touka O(1;-3).
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Tenepb MOXHO 3amucaTh ypaBHEHHUS HOBBIX OCed KOOpAMHAT (KOTOpble U OyayT

x=1

ABIIATHCA aCI/IMHTOTaMI/I)Z { 3
y=-3

r) Halinem Touku nepeceueHus 3aJlaHHOW KPUBOM CO CTapbIMU OCSAMHU KOOPAUHAT:

4—3x 4 4
o ¢ OX (y=0) 1 4-3x=0 X=3 A(3 )
e ¢ OV(x=0): 4;31(’:—4 => B(0;-4).

n) MWrak, 3amaHHOE€ ypaBHEHHE TWIPEACTABISCT PAaBHOOOYHYIO THUIEPOOIy C
acUMIITOTaMH X=1, y=-3 W IIEHTPOM, HAXOJAIIUMCS B MEPBOHAYAIHLHON CHCTEME
koopauHat B Touke O (1;-3) (puc. 4.16).

L I[J'ISI YTOYHCHUA B A rpa(bmca Haﬁ,[[éM HCCKOJIBKO AOIOHUTCIIEHBIX TOYCK:

X ‘-1 ‘2 ‘4
y -35 ‘-2 ‘22
3
Il cnoco6b

Hpeo6pa3yeM BBIPAXKCHUC Y = C IIOMOIIIBIO «ACJICHUA YI'OJIKOM)» Tak,

YTOOBI BBIJICTUTH LIETYIO YACTh IPOOHO-TUHEUHON (PYyHKIINH:

3x+4 x-1
3x+3 -3 => -3x + 4 = -3(x-1)+1.
1
Torpa:
y:—3X+4:—3(x—1)+1:—3(x—1)+ 1
x—-1 x-1 x-1 x-1

y:—3+iz>y+3:i(*):>

¥ =x-1 1
—_ / . . —_ = — :>
= 0 ' (1;-3); , o= Y= oOpaTHas NPOIOPIUOHATLHAS
y =y+3 X
3aBHCHUMOCTb, I'pauK KOTOPOW €CTh PAaBHOCTOPOHHSSI TUIIEpOOIa C aCUMIITOTAMH,
KOTOPBIMH SIBJIIFOTCS HOBBIE OCH KOOpPJIHUHAT (pactionoxennas B | u Il

KOOPAMHATHBIX YETBEPTSIX).
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3agmaua 4.8 CocraBUTh YpaBHEHHE OKPY>KHOCTH, €CIM €€ LEHTP HaXOAUTCS B
touke C (5;4) U OKpPYKHOCTh OTCEKAaeT OT mpsiMoil x+2y-3=0 xopay, AJIUHA
KOTOpOH 8.

Pemenne. Vickomoe okpyx’HOCTH ypaBHEHHUE (cM. Tabn. 4.1) Oyner UMeTh BUI:
(x -5)?+ (y — 4)*’= R

Omnpenenum pacctosaue nentpa C ot nanHoi npsimoit (popmymna (3.1)):

le5+2e4-3
d —jop| = =%+ 25,

V12 422

Tak kak paauyc, NEpNeHIAUKYISPHBIN K XopJe, AeNUT e€ MormoiaM, TO MOJOBHUHA

XOpAbl OyneT paBHa 4 eIMHULIAM.

[Io Teopeme Iludaropa umeem: R =47 +‘CD‘2 =16+20=36. Urax,

R?= 36, oTKkyaa HaxoauM, uTo R = 6.
Tora HCKOMOE ypaBHEHHE OKpYKHOCTH: (X —5)°+ (y — 4)* = 36.

OrtBer. (x —5)% + (y — 4)*= 36.

3agaua 4.9. CocTaBUTh ypaBHEHHE NPSIMOM, NPOXOIAILIEH uyepe3 JIEBbIA (OKYC
smumca 75x° + 25y°= 225 ¥ «OTPHLATEIbHYIO» BEPIINHY THIEPOONB —
6y°+ 9x°= 1. CrenaTh 4epTes.

Pemenue.

1.ITpeobpazyemM ypaBHEHHUE DILIUIICA:

75x2 25x2 225  x? y?

2+ 2 - => + = = —4—=1= 2 - =>
7ox"+ 25y7= 225 225 | 225 225 39 a=3

a=+/3 — Manas monyock;  b*=9 =>b=3 — Gopmas mOIyOCH.

Tak kak b>a, To QoKyChI UTHIICA JIEKAT HA OCH OpAMHAT, T.e. F12(0;+c), rae ¢ =

\/ b?—a® = \/ 9-3 = \/6 . Takum oOpa3om, JieBblli (PoKyc TUNEpOOIBI HMEET

koopauHathl: F1(0;— J6 ).
2 2

x
2. llepenuieM ypaBHeHHE TUNepOOIIbI B BUJE: ? —2X = 1
9

6
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1 1

2 1 .2 _
OTcIofa BHIHO, 4TO « =3 b == Te a@ =7

6 3

— JEUCTBUTENBHAS IOJIYOCh, 4

1
b = ﬁ — MHUMasI TIOJTyoch ruriepOonbl. Torma Aj (i%; 0) — JeliCTBUATENbHBIC BEPIIMHBI

TUIepOOIIBL, 3HauMT, A (— % ;0) — e€ «oTpHIIaTeITbHASD BEpIIIMHA.

Puc. 4.17

3. VYpaBHeHHe TpsMoOH, npoxoxsiel yepe3 Touku Fi(0; -6 Yyu Ap( —% ;0)

x4
HaliieM 1o Qopmyne : 1 NG 0330\/6x+y+\/6 =0 —
O+§ A

HMCKOMOE yYpaBHEHUE IpsAMOM. YepTex K 3ajaue npeAcTaBiieH Ha puc. 4.17.

OtBer. 3‘\/6X+y+\/6=0_

3anaua 3.17. Haiitu ypaBHeHUE NPSIMOU, MPOXOIAIICH Yepe3 IEHTP THIepOOIIbI

_4x-4
Y o+l

o 1
napamienbHo npsmoit AB, rme A (3; -3 ), a B — BepmuHa
Mapabonbl y =—x° +2x — 3 Crenarh 4epTex.
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Pemienne. 1B ypaBHeHuu rumnepOosbl BBIACIUM LENyl0 4YacTb. llomyuum

2(x+;)—3 ) 2(x+;) )

CAx-1) 3 . 3 .3 3
AN T 1 R i A E e A &
2(x+>) X+— X+— x+— X+— X+— X+—
2 2 2 2 2
, 1
[Momaras X :x+5; y'=y—2, monmyduM B HOBBId CHCTEME KOOpIHHAT
3

XOoy' ¢ ue"Htpom O’ (-% ;2) runepbomy JV ‘= T 7, BETBH KOTOPOU
x
pacnosioxxensl Bo |l u IV yeTBepTsix ( nouemy) (puc. 4.18).

. 2 .
2. Hatinem BepmmHy mapabonsr y =—X  + 2x—§_ JInst 3TOTO, BBIAEIVB MOJIHBIN

KBaapar, IpcaCTaBUM YPAaBHCHHC I'Iapa6OJII)I B BUJC:

y:_.xz —i—2x—%=—(x—l)2 —%—i—lz—(x—l)2 +§:>y—§=—(x—l)2_

2
Otcrona cienyer, 4To BepIInHa napadossl HaXOgUuTcsl B ToUke B( 1;5), a BETBHU €€

HallpaBJICHBI BHU3.

A Yk/ Y A Y//

P
W
v v
v

-3 2 T :—/f/zu T \&' Z'
A

Puc. 4. 18
3. YpaBHEeHHE HCKOMOU TIPSIMOM HaX0AuM 1o hopmyie ,

T.C. y= yO/ - k(X— XO/ ) (*), rme O’ (-%;2). Nckomast mpsimasi mapassienbHa

npsiMoit AB, mosToMy 110 ycnosuio napannenvrocmu K = Kyp.
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2 1

7_'_7
yA_yB:?) 3: 1

1-3

_E,TO

Tx. A (3; —l), B (1; g), TO O popmyIie Kap
3 3 Xp _Xﬁ

ectb k=- % [ToncraBum B ypaBHeHue (*): y — 2= —%(x + %) =>
2x+ 4y —17= 0 _ hcxomoe ypaBHeHue npsamoil (puc. 4.18).

Otser. 2x + 4y -7 =0.

4.3. 3aga4yu 1J9l CAMOCTOAATEJLHOI0 pelIeHus

168. Hammcarp ypaBHEeHHE OKpyx)HOCTH C IeHTpoMm C (-4;3), pagumycam R=5 m
NOCTPOUTH €. JIexkaT 1M Ha 3TOW OKPYKHOCTH TOYKH A (-1;-1), B
(3;2),0 (0;0) ?

169. HanucaTh KaHOHMYECKOE ypaBHEHHE DJUIUIICA, 3HAS, YTO OOJIbIIAsl MOTyOCh
a=6, a skcuenrpucurer & =0,5.

170.Hanucath KaHOHWYECKOE YypaBHEHHUE rUmepOoIibl, 3Has, UYTO:
1) paccrosiHre MoKy oxycamu 2 ¢ =10, a MoKy BepimHavu 2 a =8
2) NeHCTBATENLHAS TIONYOCh @ = 2+/5 , adKcueHTprcuter € =12 .

171. Hanucats ypaBHeHHe napaboibl npoxossiied yepe3 Touku (0;0) u (2;-4) u
CUMMETPUYHOU OTHOCUTENBHO ocu OV.

172. TlocTpouTh KpUBBIE U OTMETUTH (POKYCHI, HANTH SKCIIEHTPUCUTETHI:
1) x*+ 4y* = 16; 2) 4x*+ y* = 36;
3) — 25y*+ 9x*= 225; 3anucaTh ypaBHEHUS ACUMIITOT;
4) 2y*—x =0, 3amucarth ypaBHEHHE THPEKTPUCHL
5) x°+ 5y =0, 3amucath ypaBHEHHE JUPEKTPUCHL.

173. OnpenenuTh TUI KPUBBIX BTOPOTO TMOPS/IKA, MPUBECTU UX K KAHOHUYECKOMY
BUJy U IOCTPOUTB:
1) x*+ y*+ Ty =0; 2) 2x%+ 5y°— 12x + 10y + 13=0;

2
3) 4y*-3x*+120 = 48y—12x; Hx-10x=4y-13; Sy=""7+L.
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174. YpaBHEHUs KPHUBBIX C MOMOILIBIO NapauIeIbHOIO MEPEHOCca OCEe KOOPAUHAT
MPUBECTH K KAHOHWYECKOMY BuAY. llocTpouTh cTapble W HOBBIE OCH
KOOpAMHAT, a TakkKe caMmy KpuByroo. HaliTu TOuku mepecedeHHsi KpUBBIX CO

CTapbIMU OCAMU KOOPpAUHAT:

2x—3 .
x—-1"

y= 2) Bx—5ey=x+4.

175. CocTtaBUTh ypaBHEHHE MPSIMON, POXOIIIEH depe3 MmpaBblil (Pokyc srmrca

2
25x%+ 75y2 = 225 ¥ «IOJOXKUTEIBHYIO» BEPIIUHY THIIEPOOSIBI 9x* =1

6
. [locTpouTts yeprex.

176. HarcaTh ypaBHEHHE IPSIMOii, IPOXOISIIEH depe3 EHTpP OKPYKHOCTH X° + y°
— 4x + 6y — 3 = 0, mapamIeNbHO acUMITOTe THmepbomsl 9x° —16y” = 144,
(B3saTe acumnroty, nmpoxonsuyto yepe3 Il u IV koopauHaTHbie YeTBEPTH).
Crnenatpb yepTex.

177. 3BecTHO, 4TO mpsiMasi Ipoxoaut yepe3 Touku A u B, rae A (3;3), a Touka B
€CThb TOYKa T[EPEeCcCeUYeHUuss C OChbI0 OpAMHAT JAUPEKTPHUCHl MapaboJIbl
y = x*+2x+3. Haiiti ypaBHeHue npsmoii AB.

178. UssectHsl QyHkuuu crnpoca Q, u npennoxenus Qs Uil AaHHOTO TOBapa.
IToCcTpOUTh COOTBETCTBYIOIIME JIMHUM CIpoca W MnpepioxeHus. Haitu
PHIHOYHYIO LIEHY ToOBapa (Korja CIpOC COBMAJAET C NPEIJIOKEHHEM), a

TaKXe€ COOTBETCTBYIONINH il 00beM MNPOU3BOJCTBA , €CIIU:

2
1) Qo=4-p% Qs=4p-1; 2) Q=+ Q= 0,25p%.

179. Hanicaths ypaBHeHUE OKpY>KHOCTHU ¢ 1IeHTpoM C (-2;3) u paguycom, paBHbIM
5. IMocTpouTh OKPY)HOCTh. ONpeneanTh MPUHAICKHOCTh Touek M( 2:6),
M, (1;7), M3 (0;4) OKpy>KHOCTH.

180. Haiith Maiy MOJIyOChb D W DSKCHEHTPUCHTET & OSIUIUICA, HMECKOIIETO

OOJIBIITYIO TOYOCh =5 U mapaMeTp C= 4.
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181. HamucaTh KaHOHHYECKOE ypaBHEHUE THUIEpOOIIbl, ecnu ¢=5, a=4, QOKyCHI
Jexar Ha ocu abcuuce. OnpeaenuTs SKCHEHTPUCUTET TUIEPOOIIBI.

182. CocTaBUTh KAHOHMYECKOE ypaBHEHHE MapadoJIbl, BEPIIUHA KOTOPOM JICKUT B
Havajie KOOpJIWHAT W KOTOpas MPOXOAHUT depe3 Touky F(2;-4); a OX — och
CUMMETPHHU.

183. HaiiTu 11eHTphI ¥ paJInyChl OKPY>KHOCTEH:

a) x*+y*-6x+4y-23=0; 6) x*+y*+5x=0.IT0CTPOUTH STH OKPY’KHOCTH.

184. TlocTpouTh Mapabobl, HAUTH UX (HOKYCHI U JUPEKTPUCHI:

a) y’ = —4x; 6) x’=4y; B)y=x"+2x+3; r)y = —x°+ 2x-2.

185. OnpenenuTs TUIT KPUBBIX BTOPOTO MOPSIKA, MPUBECTH MX K KAHOHMYECKOMY
BUJY U TIOCTPOUTB:

a) X"~ y*+ 6x +4y—4=0; 6) x°+ 4y°— 6x + 8y =3;
B)x2—10X=4y—13; r)4x—y2+8y=0.

186. YpaBHeHHE KPUBBIX C MOMOIIBIO MApPAIIENIBHOIO NEpPEHOca Ocell KOOpAUHAT
NpPUBECTH K KaHOHHMYECKOMY BHIy. llocTpouTh cTapble U HOBBIE OCH
KOOpAMHAT, a TaKke camy KpuByro. HaliTu TOuku mepecedeHusi KpUBBIX CO

CTapbIMU OCAMU KOOpAWHAT:

x+3 3x+2
y="_"7; 6)y="","

187. 3aBucuMOCTh 00BEMa MPOU3BOACTBA Z OT 3aTPaT IBYX BHJIOB PECYpCOB
OIMCHIBACTCS MOJeNbIo; Z = 20x + 8y — 2x *— 4y 2. VI306pasute rpadudeckn
3aBHCHUMOCTBH MEXJY 3aTpaTaMHU PECypCcoB X M y MpU 00beMe NMPOU3BOJICTBA,
paBHOM S50 equHMUIL.

188. Haiiti Touky mepecedennii munii x° + y° + 5x =0 u x +y = 0. [locTpouTsh
9TH JTUHUMU.

189. CocraBuTh ypaBHEHUE NPSIMON, TPOXOJAIIEH Yepe3 BEpIIMHY Napaldoibl y =
—2x%+ 5xX — 2 1 neBbIit GoKyc rumep6osl 3x°— 4y° =12,

190. Hanucarb ypaBHEHUE runep0Oo0ibl, UMEIOIIEH BEpIIMHBI B (hOKycax, a GOKyChI

2
x? y
B BepIIMHAX dJuiumca = +—— =1

25 9

106



191. [lana Touka A (-4;6). CocTaBuUTh ypaBHEHHE OKPYXHOCTH, THAMETPOM
KOTOPOM cIIyKUT 0Tpe30k OA.

192. Hanmucath ypaBHEHHE OKpPY)KHOCTH, Kacalouleiicss ocedl KOOpauHAT H
npoxosiien yepes Touky A (1; 2).

193.Hanucath ypaBHEHHE OKPYXKHOCTHU, Mpoxosiier uepes Touku A (-1;3), B
(0;2) m C (1;-1).

Ykazanue. Hamucartb YpPaBHEHHUE  HUCKOMOW OKPYXKHOCTH B BHJIE
X2+ y2 + m + ny + p = 0, 1OACTaBUTh B HETO KOOPJWHATHI KaXKJI0W TOYKHU U
3aTeM HauThH M, N, pP.

194. Onpenenuth SKCHEHTPUCUTET IUIUIICA, €CJIU €Tr0 OOJIbIIas 0Ch BTPOE OO0JIbIIIe

MaJIOH.

195. Dyurric MPoXoIUT Yepe3 TOUKH M (2; \/é) 1 M5(0;2). CocTaBuTh ypaBHEHHE
AIIIUIICA U HAWUTH PAacCTOSHUE OT TOUKU M; 10 GOKYCOB.

196. Dnnuric kacaeTcss OCH OpAMHAT B Hadyajie KOOPAMHAT, a IIEHTP CHUMMETPHH €T0
Haxoautrca B Touke (5;0). CocTraBUTH ypaBHEHHME OJJUIMIICA, €CIU €ro
AKCIEHTpUCUTET paBeH 0,6 .

197. AcumntoTsl TUIepOOIBEI UMEIOT ypaBHeHHs 3X+ 4y = 0, a (hOKyCHI JIeKaT HA
ocu OV um paccrosiHue mexay Humu paBHo 20. Hamucarh KaHOHHYECKOE
ypaBHEHUE TUIEPOOJIbI U HAYEPTUTH €€.

198. CocrtaBbTe KaHOHWUYECKOE YpaBHEHHE TUIEPOONBI, 3HAas, YTO PACCTOSHHE

Mexay (hokycaMu paBHO 16, a SKCIIEHTPUCUTET % .

199. Hamwmcarh KaHOHWYECKOE ypaBHEHUE THUMNEPOOJBI, CHUMMETPUYHOU
OTHOCHTEILHO Oceil KOOPIMHAT, ECIIM OHA MPOXOAUT uepe3 Touky Mi(+/3;4/2),
a SKCIIEHTPHUCHTET PaBeH /2.

200. CocraBUTh ypaBHEHUE THUIEPOOIbI, CUMMETPUYHON OTHOCUTEIBHO OCEH
KOOPJMHAT, €CJIM OHA POXOIHUT depe3 TOUKH My (24/7; —3) My(- 7:-64/2).

201. Harucath ypaBHeHue napadonbl: 1) mpoxonsmiei yepe3 Touku (0;0) u (-1;2)

1 CUMMETPUYHON OTHOCUTENBHO ocu OX
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2) npoxopsiein yepe3 Touku (0;0) u (2;4) ¥ CUMMETPUYHONU OTHOCHUTEIIHHO

ocu OV.

202. CocTaBUTh KAHOHMYECKOE YpaBHEHUE MapaboJbl, eciu ee (POKYyC HaXOJIUTCA B

Touke nepeceueHus npsmont 4x — 3y —4 =0 ¢ ocsio OX.

203. CocraBuTh ypaBHEHHE MapaboJbl C OChIO CUMMETPHUH, MapajlieIbHOU OCH

OV, eciu oHa ipoxoAuT uepe3 Touku (-2;8), (0;2), (3;% ).

204. Ha3Batb ¥ OCTPOUTH KPUBBIE, OTMETUTH (DOKYCHI:

a) 9(x +5)%+ (y—2)*=0;

B) (x—4)°=5(y - 2);

6) 4(x — %)2— 3y%= 12

r) (x—2)*(y+6)=6.

205. IlpuBectu ypaBHEHHUSI KPUBBIX BTOPOTO MOPSAKAa K KAHOHMYECKOMY BHUIY C

ITOMOIIBIO IMAPAJUICIIBHOI'O IICPCHOCA HadYalla KOOPAUHAT. HOCTpOI/ITL CTapbIC

Y HOBBIE OCH KOOPJHMHAT U caMy KpuBYI0. HaliTh TOUKM nepeceyeHnst KpUBBIX

CO CTapbIMHM OCAMH KOOPJAHWHAT:

1) §+y2 +2—;—4y+4:0;
3) 3x°+ 4y* — 18x — 8y -5 =0;
5) 4x* — 9y* — 40x — 36y + 28=0;
7) X2+ 6x +5=2y;

9) 2x*+4x—y—1=0;

2) 5x%+ 9y*— 30x +18y +9=0;

4) 5% — 4y*+ 16y — 36 = 0;
6) x°— 4y + 8x — 24y =24;
8) 2y=3+2x —x%

10) y* — 2x + 4y + 2=0;

11) y* — 8y = 4x; 12) 9y*= — 36x — 6y — 13;
2x+1 _4x-3 _1+3x
18) y=""1" 14) V=" 15) V=57

206. ITocTpouth KpHUBBIE MOPSAKA:
1) x*+y*—4x+6y—3=0;
3)x°+ y*+ 4y = 0;

5) X2+y2—8x+6y=0;
T)x2+2y° —4x + 4y +2 =0;

2)x°+y*—8x=0;
4)x°+y*+2x-3=0;

6) X2+ y2+ 10x — 4y + 13 =0;

8) 25x*+16y*+25x+32y=377,75;

9) 81x*+ 36y°— 162x — 24y + 76=0; 10) 16x° — 9y*— 64x+54y—161=0;
11) 9x% —16y*+ 90x + 32y — 367=0; 12) 16x*— 9y* — 64x —18y-89=0;
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207.

208.

2009.

210.

211.

212.

213.

214,

215.

216.

217.

OnpenenuTs TpPaeKTOpUIO TOYKU M(Xx;y), INBUXKyLIEHCS TakK, 4TO CyMMma
KBaJ[paTOB PacCTOSAHMI OT Hee 10 Touek 4 (-a,0), B(0;a) u C (a,;0) octaercs
paBHOM 3a%.

CocTaBUTh ypaBHEHHE T'€OMETPUYECKOIO MeECTa TOYEK, OJIMHAKOBO
yaaieHHbIX oT ock OV u ot Touku F(4;0).

CocTaBUTh ypaBHEHHME TIE€OMETPUUYECKOr0 MECTa TOYEK, OJMHAKOBO
yaaneHHbIx oT Touku F(0;2) u oT npsimoit y = 4. Haiitu Touku nepecedyeHus
ATOM KPUBOM C OCSMU KOOPJIUHAT U MTOCTPOUTH €€.

OnpenenuTs TPACKTOPHUIO TOYKH M(X,;y), KOTOpas MPU CBOEM JBUKECHUU
octaercs BTpoe oimmke k Touke A(1;0), ueM k mpssmoit x =9.

Onpenenutb reoMeTpUYECKOe MECTO TOYEK M(X,)), pacCTOSTHUS OT KOTOPBIX
1o touku F(0;8) BaBoe 6obiiie, ueM A0 IpsMon y = 2.

JlaHBI OKPY>XKHOCTB X2 + y* — 4x — 5 = 0 u touka C(5;4). CocraButh
YPaBHEHHE OKPYKHOCTH, MMEIOIIECH LIEHTP B JAHHOM TOYKE U Kacaroueucs
JAHHOM OKPY>KHOCTH BHEITHUM 00pa30OM.

Hamucare ypaBHEHUE AJUTUIICA, €CIM PACCTOSTHUE MEXIY (PoKycamu paBHO

PacCTOSIHMIO MEXAy KOHIIaMU OOoJblioil u Manod oceil. OnpenenuTsb

AKCIICHTPUCHUTET.
Hamucate ypaBHeHue TUNIEpO0IIbI, UMEIOIIEH BEpIITUHBI B OKycax, a POKYChI
x2 N 42
— B BEpIIMHAX JUIUnca - +—=
P 25 9

Hanucatp ypaBHeHue napaboibl U €€ AUPEKTPUCHI, €CIIH MapadoJia MPOXOAUT
4yepe3 TOYKH IIEPECEUEHHs] MPSAMOK x + y = 0 um OKpyXHOCTH

2. .2
x“+y"—4x = 0 u cuMMeTprYHa OTHOCUTENBHO ocu OV.

CocTaBuUTh ypaBHEHHE MpPSMOM, MPOXOASIIECH 4Yepe3 BEpUIMHY MNapadoJibl
2 ., XY
= -3x"+ 12x — 9 mapajuiesnbHO NpAMON 10 + 8 =1

Hamnucate ypaBHEHUE OKPYKHOCTH, JUAMETPOM KOTOPOW CIY>KUT OTPE30K

XY
npsmoit — + - =1, orceyennslit ocsiMu KoopauHAT.
a

b

109



218. Haiitu muiomia b paBHOCTOPOHHETO TPEYToJIbHUKA, BIUCAHHOTO B TUIIEPOOITY
2 2
x?—y?=43.

219. Haiitu nnuHy | ypaBHEHHE TEPICHIUKYJISApa, ONYIIEHHOTO U3 (oKyca

2
X
napaboasl YV =" Ha OpsIMYI0, OTCEKAIOUIYI0 Ha OCIX KOOPJIWHAT OTPE3KU

8
a=h=2.

220. CocTaBUTH YPaBHCHUC MHOXCCTBA TOYCK, OTHOIICHHC paCCTOHHI/Iﬁ OoT

KOTOPBIX 10 JaHHOU Touku B (3;2) m manHO#i npsiMoil y = — X +2 paBHO \/E :
Cpenatp yepTex.

221. Hailitu IJuHY XOpJbl, COCIUHSIONICH TOYKHM TMEpecedyeHHus: IBYX mapado,
MMEIOIIMX OOIIYI0 BEPIIMHY B Hadajie KoopAuHAT U (okychl B Toukax (1;0) u
(0;1).

222. HaiiTu paccrosiHMe OT Haudajga KOOPAMHAT A0 MPsIMOW, MPOXOJAIIEeH yepes

x+1
x—-1"

HEHTp TUIEepOOBl V = ¥ BepIINHY [apaboisl  y = -2X°+ 5x — 2.

223. CocTaBuTh ypaBHEHHE OKPYKHOCTH, KacaloIehcs ABYX MapauieIbHBIX
npsMbIx 2x+y—5=0 wu 2x+y+ 15=0, npuueM 0JHON U3 HUX B TOUKE
A(2;1).

224. BplYHCIUTh TUIOMIAAL TPEYTONbHHUKA, OOpPa30BaHHOTO AaCHMITOTaMH

x2 2

runepOoIbl 9 2 =1 u npamoit 4x -3y-8=0.

225. Haiitu miomiaab 4eTHIPEXYroJIbHUKA C BEPIIMHAMHM B TOYKAX MEPECEUCHUS
2 .
napabonsl 'y =4 — X c ocbto OX 1 ¢ psiMoit  y = 3X.
226.Ha snmnce x° + 2y2 = 6 B3dTa Touka M ¢ opauHatoi 1 W oTpULIATEIBLHOU

abcuuccoil. Haiitu yron kacaTenbHoi K 3yuurcy B Touke M ¢ npsimoit OM.

2 2
X )
227. HaiftTu cTOpOHY KBaJipaTa, BBIMMUCAHHOTO B TUTIEPOOITY E T An

=1
20

228.BpuncnuTh JUIMHY XOpAbl, oOpa3yeMoil mepecedyeHueM MpsMoil y=4x c

napaboioit y=3+2x — x°.
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229. Bepuina KBaJpara SIBJISIETCSA LHEHTPOM OKPY>KHOCTH
(x + 4)* + (y—5)2=1, a ero JUaroHajab JIGKUT Ha mpsimoil  7x —y + 8 = 0.
CocTaBUTh ypaBHEHUSI CTOPOH M BTOPOI IMAaroHaIMd 3TOTO KBajipaTa.

230.Haiitu mpoekuuto Touku P(-8;12) Ha mpsiMyro, MpPOXOAAIIYIO Ype3 TOUKY

A (2:3 5 9+x
(2;-3) u neHTp TUIIEPOOITHI 15

231. Yepes Touky mepeceueHust npsameix 3x —y = 0 u x + 4y — 2 =0 mpoectu

PSIMYIO, NEPIICHIUKYISPHYIO aACUMITOTE TUTIEPOOITBI
2 2
+—=1 (;exaret Bo |l u IV koopAMHATHBIX YETBEPTSX).

49 4

232. CocTaBuUTh ypaBHEHUS MPSIMBIX, MapaJUICIbHBIX ACHUMIITOTE TUIEPOOJIBI

2

x ) .
?—y =1 (mpoxomsmeit uwepes | wm |ll KoopauMHATHBIE 4YETBEPTH) H
OTCEKaloNMX OT JABYX IIEPECEKAIOIINXCS IPSIMBIX

3x-2y—-1=0, 4x—-5y+1=0 TpeyrojbHUK IIOMIAAbIO 3,5 KB. €.

233. M3aepkKu MPOW3BOJACTBA X C€IUHUI] MPOAYKIIMHU OMpPENessitoTcss QyHKInen
C (x) = 0,1x* + 2x + 80. Ilena oxHoif exuHuIBl paBHa 8. HaiiTh TOUKy
0e3yOBITOUHOCTH.

Vrasanue. Toukoit 6€3yObBITOYHOCTH HA3bIBAETCA TOYKA, B KOTOPOU MPUOBLIb
oOpartaercsi B HyJb, T.€. T[JI€ BBIPYUKa PaBHIETCS U3JIEPIKKaM.

234. 3akoHBI crHpoca M TPEATOKEHUS Ha HEKOTOPHI TOBAap COOTBETCTBEHHO

7 o
MMEIOT BHI: XT2p=8; X ° p=E. Haiit TOYkM pPBIHOYHOIO paBHOBECUS M

UCCIIEN0BATh UX YCTOMYUBOCTD.

Vkasanue. 1. Toukoll pPBIHOYHOTO pPaBHOBECHUS (Xo;Pp) HA3bIBAETCS TOYKA
IIEPECEUCHUs KPUBBIX CIIPOCA U MPEIIIOKECHUS.

2. Touka ppIHOYHOTO PAaBHOBECHSI HA3bIBAECTCSl YCTOMYMBOM, €CIU MPU MabIX
OTKJIOHEHUAX OT PABHOBECHOIO 3HAYCHHS LIEHA CTPEMUTCS K ITOMY

PAaBHOBCCHOMY 3HAYCHUIO.
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TecT 4
1. MHOX€CTBO TOYEK IUIOCKOCTH, CYMMa PACCTOSIHUM OT KOTOPBIX J0 JIBYX JaHHBIX

TOYCK Fl 151 FZ’ Ha3bIBACMBIX q)oxycaMH, CCJIM BCJIMYHMHaA II0CTOAHHAsA

00JIbIIas, Y€M PACcCTOSTHUE MEXKTY (DOKycamMH Ha3bIBACTCS:
a) AIIUIICOM; 0) runepOoI0ii;
B) m1apadoJIoi; T') IPSIMOM.

2. LleHTp 1 paguyc oKpy)RHOCTH X2+ (y—2)° = 25:

a) 0'(0;-2); R=5; 6) 0'(0;2); R=5;
B) 0'(0;-2); R=25; r) 0'(1;2); R=5.
2 y2
3. @oKychI TUTIEPOOTTBI — — t b_2 =1 HaxoadaTcs B TOYKAX:
a

a) Fy,(£Va® +b?;0); 6) Fro(xVa? —b%;0);
B) Fi,(0;+Va® +b?); r) Fp,(0/a? —b?) .

4. Yxa3atb napabosbl, cuMMeTpuuHbie ocu OX:

1. y:4x2; 2. y2 =Xx-2; 3. y=x2 —2; 4. y2 = 4x.

a) 1, 2; 0) 2, 4; B) 1,2, 4; r) 1.
5. Tpaekropust ABH>KEeHHS TOUKA M (X;y), KOTOpasi IpU CBOEM JIBUKEHUU OCTAETCS
BJIBOE Omke yeM K Touke B(-4;4), ecTb:

a) OKPY’KHOCTb; 0)runepbomna; B)rapaboia; T) dJUIHIIC.

6. LlenTp amaumca 5x%+ 9y2 —30x + 18y + 9 = 0 HaxogUTCS B TOUKE:

a)(3;-1);

0) (-3;-1);
B) (-1;3);
r) (-1;-3)
7. YCTaHOBUTH COOTBETCTBUE MEX1Y PUCYHKAMH U YPaBHEHUSMH KPUBBIX:
’ 3
1) (x-1)"=2(y -2); )y-2=—7,
x—-1
_ 3 5
3) y—Z:j-; 4) (y—2)"=2(x-1).
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2 2
g1 o 1 X
0) r)
8. YCTaHOBUTH COOTBETCTBHE MEKIY JKCICHTPUCHUTETAMH YKA3aHHBIX KPUBBIX U
dbopmynamu:
1. nist snunca ¢ poxkycamu Ha ocu OX a)e=1;
2 2
-b
2. nus saunca ¢ pokycamu Ha ocu OV 0)e= ¢ ;
a
a’+b?
3. st tutiep6obI ¢ hokycamu Ha OX B) €= o
a’+b’
4. nns runep6oibl ¢ poxycamu Ha OV r)e= . ;
b*—a’
5. st mapaboJIbl n) €= .

x0+
K

painyc OKpY>KHOCTH x?— 10x + y2 -8y +32=0.

o 0
9. HaiiTn 3Ha4eHUE BBIpAKEHUS , TIe (Xo, Vo) — KOOPAUHATHI IICHTpa, a K —

10. Haiitu pasnocts (d, — dy), rae d; — paccrosiHre Mexay OKycaMu 3JUTHTICA

ﬁ + y—2 =1d 6 ﬁ _ _2 -1
10 " 24 =1 d2— paccrosirme ey (poxycamu runepOoIILI 61 36
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11. HaiiTu paccTosiHuE MEXIy [ICHTPOM PaBHOCTOPOHHEH runepOoIbl
12x-5

Y a8

¥ BEPIIMHOH mapabonel y = —2x°+ 20X + 43.

2 2
X

12. MuuMBbI€ BEPIIMHBI THIIEPOOIIBI ~ —b—2 =1 paxomsaTcs B Touke: a) (ib;O) :
a

6) (0;£b), ) (+a;0), 1) (Oita).
13. VpaBHEHHe IUPEKTPHCH [UTs apaGoisl y> =2px (p>0) umeer Bux: a) Y = T
P P P
= — X =— X =——
6) y 2 > B) 2 b r) 2 "
14. Cymma (Xo + o), T€ (X0;Y0)- KOOPIAUHATHI BEPIIUHBI TAPaOOJIhI
(x+5)%= 4(y — 1) paBHa: a)-6, 0)4, B)-4, r)6.

15. KpI/IBaH BTOPOTI'O IIOPAAKA B 06H1€M BHUAC 3a1aCTCA YPABHCHHUCM:
a) Ax*+Bxy+Cy*+Dx+Ey+F=0; 6) Ax*+By*+Cx+Dy+F=0;
B) AX*+By*+C=0; r) x*+2xy+y* =0.

Bonpocsl 1Jjisi caMonpoBepKu

1. OOuiee NOHATHE O KPUBBIX BTOPOTO MOPSIIKA.

2. DIUMIIC: OIpesiesieHne, KAaHOHNYECKOE YPaBHEHHE, OCHOBHbBIE XapaKTEPUCTUKU
(boxycsl, axcuenTpucutet). [locTpoenue suumnca.

3.0OKpyKHOCTh KaK YacTHBIN ciy4ait syummmca. [loctpoenne okpyKHOCTH.

4 T'unepbona: onpeesneHue, KaHOHUYECKOE yYpaBHEHHUE, OCHOBHBIE
XapakTepuUCTUKU  ((POKYyChl, IKCUEHTPUCUTET, acumnToThl). llocTpoeHue
TUNEpOOIIHI.

5.YacTtHble ciiydan TUNEepOOJSIbI: paBHOOOUYHAs (PaBHOCTOPOHHSA) Trurepoora,
IpOOHO-TMHENHAs PYHKIIUS.

6.IlapabGona: onpeneneHue, KAHOHUUECKHE ypaBHEHUs (eciu ocu cummeTpun OX u
OY); OCHOBHBIE XapaKTepUCTUKH ((OKYC, ODKCHEHTPUCHUTET, IUPEKTPHCA).
[Toctpoenue.

7.VpaBHEHHS KPHBBIX BTOPOTO MOPSIKA CO CMEIEHHBIME HEHTpoM (B Touke O’
(X05¥0))-

8. IlpuBeneHne KPUBBIX BTOPOTO MOPSAKA K KAaHOHWYECKOMY BHAY C MOMOIIBIO
napajuIeIbHOTO MEepPeHoca.

9. [TocTpoenne KpUBBIX BTOPOTO MOPSAIKA CO CMEIIEHHBIMH IICHTPOM.
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5. IPSAMASA N MJIOCKOCTSD B IIPOCTPAHCTBE

5.1. Heo0xogumblii TeOpeTHYECKUI MUHUMYM

Onpeodenenue 5.1. IloBepXHOCTHI0O HA3bIBACTCS TE€OMETPUUECKOE MECTO TOUEK,
KOOPAMHATHI KOTOPHIX YIOBJIECTBOPSAIOT YPAaBHEHUIO:
Fery,2)=0 wmm z= T(x;)). (5.1)

IIpumep noBepxnocTu. Cdhepuyeckas nmoBepxHOCTh (WM cdepa) C UEHTPOM B

touke O (Xo; Yo: Zo) pamuycoM R 3amaérest ypaBHEHHEM:

(x —x0)°+ (y—yo)*+ (z—20)° = RA (5.2)

CpaBHI/ITe ypaBHeHHeE (5.2) ¢ ypaBHEHHEM OKPYKHOCTH C LIEGHTPOM B TOUKE

O (x¢; Yo ) pammycom R.
?? Banumnte ypaBHerne cepsl ¢ MEHTPOM B HAYAIE KOOPIHHAT,

e Ecnu ypaBHeHue mnoBepxHocTd (5.1) mepemMeHHbIe X, y, Z COAEPKUT TOJIBKO B
IIEPBOM CTEIIEHW W HE CONCPKUT MX NPOU3BEICHHUM, TO TAaKas IMOBEPXHOCTH

Ha3bIBACTCA 1/I0CKOCMbIO.

[Tono)keHue TMIOCKOCTH B MPOCTPAHCTBE OTHOCUTEIHLHO  BBIOPAHHOM
MPSIMOYTOJILHOW CHCTEMBbI KOOPJMHAT BIIOJHE OMpPENeNseTcs KaKou-TM00 TOUYKOU

Mo(Xo; Yo Zo ) DOTOHM TUIOCKOCTM U HEHyJNeBbIM BekTopoM 0 =(A;B;C)

(A*+B*+C?#0), mepreHanKy SpHBIM MIockocth (prc.5.1). Bextop N nassiBaercs

HOPMaAJBbHBIM BEKTOPOM ILLIOCKOCTH.

VA

>

@) > Y

X/

Puc. 5.1
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1.

Ocnosnvie 6U0bl YpaeHeHU NIIOCKoCmu.

YpaBHEHHE IUIOCKOCTH, 3aJaHHON TOYKOW Moy(Xo,Vo:Zo) W HOPMATLHBIM

BEKTOPOM n =(A4;B;C):

A (x —xo) + B (y —yo) + C (2-20) =0. (5.3)
2. VYpaBHEHHE TIIIOCKOCTH B OTPE3Kax:
x y 1z
—+=+—-=1
a b ¢ (5:3)
rie a, b, C — oTpesku, oTcekaeMbie TNIOCKOCTHIO COOTBETCTBEHHO Ha
ocsix OX, OV, OZ (puc. 5.2).
3. Obmee ypaBHeHue miockoctu:  Ax+By+(Cz+D=0, (5.4)
/ A
c
@) > Y
a b
X
Puc. 5.2
Yacmmusie cnyuau obwezo ypasuenus niockocmu Ax+By+Cz+D=0:
1. D=0 = Ax+By+(Cz=0 — MIPOXOJUT Yepe3 Hauajao KOOPIUHAT.
2. a) A=0 = By+Cz+ D =0 — mockocts napaymnenbHa ocu OX,
0) B=0 = Ax+Cz+ D =0 — mmockocTh mapaiensaa ocu OV
B) C=0 = Ax+By+ D =0 - miockocTs napasmienpHa ocu OZ.
3. a)4A=D=0 =By+Cz=0 — IJIOCKOCTh MPOXOJUT yepe3 och OX,
6) B=D =0 = Ax+Cz=0 — TUIOCKOCTB MPOXOaUT yepe3 ock OV,
B) C=D =0 = Ax+By=0 — TUIOCKOCTb MPOXOAUT uepe3 och OZ.
D
4. a) B=C=0 =Ax+D=0= x=— 7 — IJIOCKOCTh  MapaJijieabHa
KOOpAMHATHOM TIocKocT YOZ,
0) A=C=0= By+D=0= y= —% —IJIOCKOCTh MapajiienbHa miockoctu XOZ,
B) A=B=0= (Cz+D=0= z= —% — IJIOCKOCTb TapajuiesbHa miockoctu XOV.
5. a)B=C=D=0 = Ax=0 =x=0 — ypaBHenue miockoctu YOZ,

0) A=C=D=0 = By=0 = y=0- ypaBHeHue miockoctu XOZ,
B) A=B=D=0= (Cz=0 = z=0 - ypaBHeHue maockocta XOV.
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[TonoxeHne npsiMOM B MPOCTPAHCTBE OINPEAEISIETCS OAHO3HAYHO, €CIIM HA
Hel 3amanbl Touka My (Xo, Vo: Zo ), MPUHAAICKAINAS TIPSIMOK, U HCHYJICBOH BEKTOP

s = (m;n;p) (M*+n*+p?£0), mapauienbHbIl 3T0H mpsiMoii (puc.5.3). Bekrop S

Ha3bIBACTCA HANIPABJASAIOIINE BEKTOPOM HpﬂMOfI.

Z A
V
@) > Y

Puc. 5.3

Buowl ypaenenus npsamoii 6 npocmpancmee:

l.06mume ypaBHeHUS TNpsAMOW (B BHUJE TEPECEUCHUS TBYX

Ax+By+Cz+D, =0;
WX+ Dbyt 1 (5.5)

IJIOCKOCTEMN ):
) { A2X+Bzy+C22+D:0.

2. ypaBHEHHs TPSMOW, TPOXOHAIIeH dYepe3 TOuky My (xo, Vo Zo ) €

HAIPABIIIOMUM BeKTopoM § =(M;n;p) :

a) KAHOHMYECKHE ypaBHEHNs mpsmoit; ~ 0 =2~ Y0 _ 2~ %0 (5.6)
m n p
X = x, +mt;

6) mapaMeTpHueckue ypaHenus npsamoit: Y = Yo + NG (5.7)
Z=12,+ pt.

3.YpaBHEHUd TpSAMOH, NPOXOIAIICH Yepe3 JABE 3aJaHHbICE TOYKH:

X=X _Y=n _ 174
Mi(xy; y1321) u Ma(xz, y2522): P = [ = -2 (5.8)

Onpeoenenue 5.1. Ilpu nepeceyeHUH IUIOCKOCTH OOpa3ylOT YEThIPE MOIMAPHO
PaBHBIX JABYTPaHHBIX yIJIa. YTIJIOM MEXAY ABYMSl INIOCKOCTSIMH Ha3bIBACTCS
10001 U3 ITUX JBYX CMEKHBIX IBYIPAHHBIX YIJIOB.

e OnuH U3 YIJI0B MEXIY IUIOCKOCTSMU PABEH yaiy Mexcdy WX HOPMANbHbIMU

gekmopamu N1 U N o,
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e Ecl  TIIOCKOCTU  napaieibhbl  (NEpneHOUK)IApHbl), TO HUX HOPMATbHble BEKMOpbl

napasiiesvHol (NepneHouKyispHsl), T.e. N1 || Mo (ML y).

Tabnuna 5.1 - BzaumHoe pacnoyioxkeHre NpsIMbIX U MIIOCKOCTEH B TPOCTPAHCTBE

YciaoBue
Yroa napauienb- | IepIeHIH-
HOCTH KYJISIPHOCTH
T
Hse naockocmu c| o= + (AA +BB, +CC,) Qz
HOPMAITBHBIMH JAZ+B +C2 o AZ+Bi+C: | A_B_G by
_ BEKTOpam# 4, B, C, &
M= (41,B1,C1); 2
n, Z(Az,‘Bz,'Cz) ‘C:
~
T
e npsmbie ¢ cosp = + (mm, +nn, + p,p,) Mm_Mm_h S
HalpaBISIOIUMU \/le +n’+p.- \/ m,> +n,’ + p,’ my Ny P &
BEKTOpaMHu &
5, =(m;ni; pa), <
S, =(Mz;nz; P2). £
IS
Ilpamas  (Ham-
PpaBIISIOIIMIA sin | Am + Bn + Cp|
BEK-TO S ¢ =
:(m'n'IE))) \/A2+BZ+C2-\/m2+n2+p2 A_B_C
v Am+Bn+Cp=0l m n p
U NIOCKOCMY
(HOpMaJbHBIH
BEK- Top N
=(4,B;C))

Onpeodenenue 5.2. Yriiom Me:xay AByMs NPSIMbIMHU B IIPOCTPAHCTBE HA3bIBACTCS
a000i1 M3 JBYX YIVIOB, OOpa30BaHHbIX MPAMBIMH, MPOBEACHHBIMH YEpe3
MIPOU3BOJIBHYIO TOUKY MPOCTPAHCTBA MapaJICIbHO JaHHBIM MPSMBIM.

e VYTroy MexXy NpsSMbIMU B MPOCTPAHCTBE MOYKHO PACCMATPUBATH KaK YTl MEKITY UX
HATPABSIIOLIMMA ~ BEKTopaM  §; MW S,.  COOTBETCTBEHHO  napaiieibHOCmb
(nepneHOUKyIsPHOCHb) NPAMbIX B TIPOCTPAHCTBE O3HAYACT, UTO HANPABAAIOWUE
BEKMOPbI NPAMBIX NAPALLENbHBL (NEPNEHOUKYIAPHBL), T.€. § || 5, (51 5,).
Onpeoenenue 5.3. Yriiom mMesxkay nNpsMoil U MJIOCKOCTbIO Ha3bIBaeTCs JII0O0H U3

JIBYX CMEKHBIX YIJIOB, 00Pa30BAHHBIX MPSMOMN U €€ MPOEKIMEH Ha MIOCKOCTb.
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o Ecniu mpsmas ¢ HampaBisiOUIMM ~ BEKTOPOM  §  MapajliesibHa
(meprneHauKyIsipHa) IUIOCKOCTH C HOPMAJbHBIM BEKTOPOM N, TO BEKTOpPbI N U §
Oy/TyT B3aHIMHO NEPHEHOUK)TIPHbL (G3AUMHO NAPATTIETIbHD).

o Ecnu ycnoBus mapaymuienbHOCTH NPSAMON U MIIOCKOCTH HE BBIMOIHSIOTCS, TO
npssmMast (5.6) u mnockocth (5.4) mepecekaroTcsi. UToObl HAWTH UX TOYKY

MEPCCCUCHUA, HAAO PCIIUTh CUCTCMY TPCX ypaBHCHI/Iﬁ C TpCMA HCN3BCCTHBIMMU:

X=X _Y=Yo_Z-1o.
m n p
Ax+By+CZ+D =0.

o Paccrosiuue d ot touku 4 (Xo; Vo: Zp) A0 TuIOCKOCTH (5.4) HAXOIUTCS IO
B D
dopmysie: d= | 4% + By + Cz + D) (5.9)
\/ A% + B+ C?

H CpaBHurte ¢ (opMyJI0il pacCTOSTHUS OT TOUKH A0 MPsAMOi Ha mockocTu (3.1).

5.2. llpumepsl pemieHHsl TUMOBBIX 3ajJa4
3amava 5.1. [TocTpouTk MIOCKOCTH, 3aJaHHBIE YPABHEHUSMMU:
1)4x +5y+162-8=0; 2)4x +5y—-20=0; 3)2z-8=0;
4)x—-3y+62=0; 5)6y—z=0.
Pemenue.
1) W3 ypaBHEHHS BHJHO, YTO IUIOCKOCTh HE TPOXOJUT YEpe3 Havaio
koopauHat (D= —8+#0) u nepecekaer B pa3InNuHbIX TOYKAX BCE TPU OCU KOOPJIUHAT.

[ToaToMy mpuBeaemM oOliee ypaBHEHHE IUIOCKOCTH K YPAaBHEHMIO IUIOCKOCTH B

. —+=+—-=1
OTPEC3Kax: =
P a b

4x 5y 16z 8
+ =+ =—
8 8 8 8

4x + S5y +162-8=0 = 4x + 5y + 162 =8 = =

X y Z 8 1
3 , Te. a=2; b=-=16; ¢=2=05.
2 8% 1 5 2
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Takum 00pa3zom, UCKOMas TJIOCKOCTh MpoxoauT yepe3 Touku A(2;0;0), B(0; 1,6;

0), C(0; 0; 0,5) (puc. 5.4)

Z
0,5
B Y
2 1,6
A
X
Puc. 5.4

e Ha puc. 5. 4 npsamsie AB, AC, BC — nunuu nepeceueHus (c1eost) 3aJJaHHON

INIOCKOCTH C KOOPAWHATHBIMU IINIOCKOCTAMMH.

m 3aI[aHHYIO INIOCKOCTh IIPOBCIM 4YCPC3 TPH TOYKH, T.K. U3 IDKOJBHOI'O KypcCa
reoMCTprur U3BCCTHO, YTO 4YCPC3 TpU TOYKHU BCCrAad MOXKHO ITPOBCCTHU IINIOCKOCTDb, U
IIPUTOM OAHY.

2)  Tak kak ypaBHeHHE IJIOCKOCTH 4X + 5y — 20 = 0 He COJEP)KUT UICHA C
koopauHaTot Z (C=0), To miockocTh mapamienbHa ocu OZ 3HAYUT, HCKOMAs
TUTOCKOCTh OTCeKaeT Ha ocsix OX u OV oTpe3ku a u b KOHEYHOU BEJIMYUHBI, a Ha
ocu OZ — oTpe3ok ¢ OecKkoHeuHO OobIol BennyuHbl. Haitnem orpesku a u b:

4x 5 20 X
2 = —+Z=1:>a:

+ =
20 20 20 5 4

4x+5y-20=0 = 4x+5y=20 =

5, b = 4. Urak, 3amanHas miockocTh mpoxoaut uepe3 Toukud A (5;0;0), B (0;4;0)
napayuiensHo ocu OZ (puc.5.5).
Z

A

B
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e Ha puc. 5.5. npsamas AB — creo 3agaHHON IJIOCKOCTH B IIocKkocTH XOV, a
clellbl B KOOpAUHATHBIX IIocKocTaX XOZ n YOZ napainensasl ocu OZ.

3) B ypaBuenuu 2z — 8 =0 A=B=0, T.e. JaHHas IUIOCKOCTH IapasieibHa
mwiockoctu XOV. Haliem BenMuKMHy OTpe3Ka ¢, KOTOPYIO MIIOCKOCTh OTCEKAET Ha
ocu OZ: 22=8 = z=4 = c=4= mnockocTb npoxoaut yepe3 Touky C (0;0;4)
u napamienbHa ocaM OX u OV. Takum o06pa3oM, credb: UICKOMOW TIJIOCKOCTH B
KOOPJIMHATHBIX MIOCKOCTAX NapajljiesibHbl COOTBETCTBEHHO ocsiM OX u OV (puc.
5.6).

N4

Puc. 5.6

4)  TlmockocTh X - 3y + 6Z = 0 MPOXOAMT Yepe3 Hayalo KOOPAUHAT, a MOTOMY
OHA HE OTCEKAET OTPE3KOB HA OCAX KoopAauHaT. [loaToMy Haliiem cieabl HCKOMOMN

IIOCKOCTH Ha KOOPAMHATHBIX IINIOCKOCT:AX:!

1
a) cned na naockocmu YOZ (x=0): 3y +62=0 = zZ :Ey. [TocTpoum maHHyIO

npsiMyto B muiockoctu ZOV. Jlnst aToro ompeaenuM KOOpAMHAThl KaKoW- JU0O
touku. Bo3pMem, Hanpumep, y=2, Torna z=I1, 1.e. mpsiMasi IPOXOJAUT 4yepe3 TOUKY
A (0;2;1). Utak, npsimast OA — ciie1 HCKOMOM MIIOCKOCTH B TIOCKOCTH YOLZ.

0) cned na niockocmu XOZ (y=0): x+6z2=0 = x=-6z Ilyctp z=1=
x=6= mnpamas npoxoauT yepe3 Touky B (6;0;-1). 3nauuT, cien 1aHHON MIIOCKOCTH

B tockoctu XOZ ecthb npsmasi OB.
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B) cred na naockocmu X0V (z=0): x—3y=0 = x=3y.llycthy=1= x=3 =
npsamas npoxoguT yepe3 Touky C (3;1;0). Urak, npsmas CO- ciiell IIIOCKOCTH B
miockoctd XOV. (3amerum, uyto ciensl OA u OC — Bumgumele, a cienq OB

HEBUMMBIH, TaK KaK €ro 3aKkpbIBaeT miIockocTb XOV (puc.5.7)).

N4

Puc. 5.7

m [TmockocTh Ha puc. 5.7 npoBenu yepes JiBe nepecekaromuecs npsimoie OA u OC,
T.K. UI3BECTHO, YTO YEPE3 JIBE MEPECECKAIOUINECS MPSAMBIE BCETJIa MOKHO MPOBECTH
MJIOCKOCTH (CM. IIKOJBHBIA KypC T€OMETPHUH ), U IPUTOM TOJIBKO OJHY.

5) B ypaBHenuu 6y —z = 0 A=D=0, cnemoBareabHO, INIOCKOCTh MPOXOIUT
yepe3 ocb OX. Credom NaHHOM IJIOCKOCTU B TIOCKOCTU YOZ saBasieTcs mpsiMas
Z = 6y. UTtoObl MOCTPOUTH JAHHYIO NPSIMYIO, HaiJeM KOOPAMHATHI €€ JH0OM
touku. [lycts, Hampumep, y =1, Torna z =6 u npsimas Z = 6Y NPOXOAUT uepes
Hayajo koopauHat u Touky A(0;1;6). [Touemy 31ech KoopauHata x=07?

Htak, OA - ciaen nckoMoil miIockoctd B miaockoctu YOZ. Cneabl B INIOCKOCTIX

XOY n XOZ conagarot ¢ ocbro OX (puc.5.8).

3amaya S5.2. CocTaBUTh YpaBHEHHE IUIOCKOCTH, MPOXOIAIIEH Yepe3 TOUYKY

M (-3;4;2) meprienaukyisipHo Bekropy N = (4;2;-1).
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Pemenne. [lo ycnoButo BekTop I HepneHIUKYISIPEH HCKOMOM IUIOCKOCTH,
3HAYUT, OH SIBISIETCA €€ HOPMAIbHBIM BeKTOpoM. [IoaTOMY Hcmonb3yeM ypaBHEHHE
(5.2): A(X—%0)+B(y—yo) +C(z-120)=0.

B namewm cinyuae 0 =( A; B; C) = (4; 2; 1), To ectb A =4, B=2, C=-1,

Mo(xo, Vo, Zo) =M (-3; 4; 2), 1O ectb Xo= -3, yo=4, Zo= 2. B pesynbrare
nonyunm: 4(x +3)+2(y-4)-1(z-2)=0 = 4x+12+2y-8-z+2=0 =
4x +2y -7+ 6 =0 — ypaBHEHHE UCKOMOM IMIOCKOCTH.

OtBet. 4x +2y —2+6=0.
v

v <

Puc. 5.8

3amava 5.3. HanucaTe ypaBHEHUE IUIOCKOCTH, Ipoxoxsuieil yepe3 ocb OV u
Touky M (6;0;4).

Pemienue. YpaBHEHHE IUIOCKOCTH, Npoxoasmend ueped ock OV umeer Bum:
Ax + Cz =0 (A#0, C#£0) (*) . [loacTaBum B JaHHOE YpaBHEHHE KOOPAUHATHI TOUKU

M, To ectp X = 6, Z=4. B pe3ynbrare yero nonydnm: A6 + 4.C = 0. Beipazum u3

2
JAHHOTO BbIpaXEHHUs, Hampumep, A: 6A =4C = AZ_EC = A=—§C :
2
[loncraBum B BeIpaxenue (*): —EC ox+(Cz=0. Pazmenum o00e dactu

2 o
NOJIy4eHHOT0 ypaBHeHus Ha C: 3rtI=s 0 :> 2x—3z=0 — ypaBHEHHE UCKOMOM

mwiockoctu. OtTBert. 2x —3Z =0 .
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3agaya 5.4. Haiitu ypaBHEHHE TUIOCKOCTH, TIPOXOsiel yepe3 Touky M (2;3;-1)
napajuiensHo miockoctu S5x — 3y + 2z — 10 = 0.

Pemenue.

Hcnome3yst ypaBHenue (5.2), momyumm: A(x — 2) + B(y-3)+C (z+1)=0.
HopmalibHBIN BEKTOpP MCKOMOM MJIOCKOCTH COBIAJAE€T C HOPMAJIbHBIM BEKTOPOM
N =(5;-3;2) nannoii miockoctu. 3Hauut, A=5, B= -3, C=2. Torga nomayuaem
cienyromee ypaBHeHue: 5(x—2) — 3(y—3) + 2(z+1) = 0. Ilocne npeoOpazoBanuii
TIOJTy94aeM UCKOMYFO TIJTIOCKOCTh: 5x—3y+2z+1=0.

Oteer. 5x —3y+2z+1=0.

3amaya S5.5. Hammcare ypaBHEHHE IUIOCKOCTH, NPOXOASIIEN dYepe3 TOouky M
(1;2;3) u nepneHANKYJISIPHOMN K MIIOCKOCTSIM:
X—y+z-7=0(q;); 3x+2y-122+5=0(&X;).
Pemenne.
1) Ucnonw3ys ypaBHeHuE (5.2) TUIOCKOCTH, MOTyYUM:

Ax —1)+ By —2) + C(z — 3) = 0 (*) . Hatinem Besmumnbl A,B,C, nmpuMeHsIs
ycaosue nepneHouKyaIapHocmu IByX Iiockocrei (ta6i.5.1):

A1A,+BB,+C,C,=0.
2) U3 3amaHHBIX MO YCJIOBHMIO TUIOCKOCTEH CIIEAyeT, 4TO HOPMAaIbHBIH BEKTOP
mnockoctd @ - M =(1; — 1; 1), a HOpMAIIBHBIH BEKTOp IIOCKOCTH Xy - Ny =(3; 2;—
12). O603Ha4M HOPMAIILHBINA BEKTOP MCKOMOM mutockoctu ¢ - N =(A,B,C).
3) a)Tak kak @ L ;, TO ycioBue neprneHANKYIIPHOCTH TIOCKOCTEH MPUMET BUIL:
A-B+C=0. Bmece A;=A, B;=B, C;=C, A,=1, B,=1, C,=1);
6) Tak kak @ L &, To ycnosue nepnenaukynspHoctu:3A+2B-12C=0

(Bmeck A=A, B 1=B, C 1=C, A,=3, B,=2, C,=-12).

) A-B+C=0;
4) Tlony4nm CUCTEMY YPaBHECHHUI: 344 2B-12C = 0.
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£—£+1:0;
c C

Jenum nepBoe u BTopoe ypaBHenue Ha C: 34 2B
—+—-12=0.
c C
Pemum JAHHYIO CHCTEMy YypaBHEHHH [?7, M B pesyibTaTe MOJIYdHM:
A B

- = 2s - 31 = = .
C C orkyaa A=2C, B=3C

5) INoxcraBuM HaliieHHbIC 3HaUYeHUS A U B B ypaBHenue (*):
2C(x—1)+3C(y—-2)+C(z-3)=0.

Paznenum 06e yactu nocieaHero Beipaxkenus Ha C  (C=0) :

2(x— 1)+ 3(y—2) + (z—3) = 0. [Tocne mpeobpazoBanuii [?? moayuum: 2x + 3y + z
—11 =0 - ypaBHEHHE UCKOMOU TIOCKOCTH.

OteBer. 2x +3y+z-11=0.

3amava 5.6. CocTaBUTh YpaBHEHUE IIJIOCKOCTHU, MIPOXOIAIIEH YEPE3:

1) Touky M (-1;4;5) mapaiensHO IByM JaHHEIM BekTopam: d =(6; — 8; 8)

b =(-4;3;2);

2) toukn My(—1; 4;5) u My(3; 2;—2) napamtensto sexropy @ =(6:-8;8);

2) Touku M(—1; 4;5), M, (3; 2; -2) u M3(5; 0; 5).

Pemenue.

1) YpaBuenne miockoctu &, mpoxopsiueii yepe3 Touky M (-1;4;5) umeer Bun:
Ax+1)+B(y—-4)+C(z-5)=0 (*), rne A, B, C— xoopauHaThl HOPMAJILHOTO

BeKTOpa N IMIOCKOCTH & .

Tak xax X || ad ua || b, To HOpManBHEIT BekTOp IockocTHn & N =(A,B,C)

HEePIEHIUKYIISIPEH KA/ IOMY U3 JTaHHBIX BeKTOpoB, T.¢. N L a u nLb.
1o ycnosuio nepnenouxyisaprocmu BEKTOPOB TOTYUHM:

64—-8B+8C =0;
—-44+3B+2C =0.
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c C
Jlenum 06a ypaBHeHUs cucTeMbl Ha C 44 3B 5-0
- T —

A B
Pemum JaHHYIO CHCTCMY OTHOCHUTCIIBHO E u E B PEIYIbTATC IOJIYUHM:

20 B 22 20 22
y o= y  T.C. A=7C’ B:7C

. [logcraBuM B ypaBHeHue (*):

§C(x+ 1)+ %c(y _4)+C@z-5)=0.
[Tocne cokparnienus nmocieaHero Beipakenus Ha C (C = 0) monyvyaem:
?(x 1)+ %(y _A)+(z-5)=0 =20(x+1)+22(y — 4) + 7(z — 5) =0 =20x +

22y + 7z — 103 =0 — ickoMoOe ypaBHEHHE

2) B myHkte 1) pemieHus JaHHOW 3aqadyd MOJYYCHO ypaBHEHHE IIOCKOCTH,
npoxoJsiei yepe3 Touky M (— 1; 4; 5):

Ax+1)+B(y-4)+C(z-5=0 (*).
B cuiy Toro, uTo INIOCKOCTh MapajuleibHa BexTopy d =(6; —8; 8), mosiyuaem
paBeHCTBO: 6A —8B +8C =0  (**).
Tak kak IUIOCKOCTh MPOXOAUT uepe3 TOuKy M,(3; 2; —2), TO ee KOOpIMHATHI
YIORJICTBOPFOT ypaHerHio (*): A(3+1)+B(2 — 4)+C(-2-5)=0=

4A -2B-T7C=0 (***). Pemium coBMecTHO cuctemy (**), (***):

64 8B _
64—-8B+8C =0, ?_F:_&
—

c Cc

Pemmnm nanHyro cucremy mno dopmyinam Kpamepa. [{ns yero coctaBuM U

6 -8
BBIYHMCIIUM CJIEAYIOIIUE ONPEICIUTENHN: - 4 _2‘: - 12 + 32 = 20
W _[8 -8 W _[p -8
1714 _2=16+56=72; 2704 7 =28 + 32 =060.
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A A 72 18 B A, 60

. _— = _—_—’—:—:—_3,
Torna nomysaewm: C A 20 5 C A 20
18 o 18
T.C. =€ -C, B=3C. lloxncraBuM HaiiieHHbIE BhipaxeHus A u B B (*): < -C-

x+1)+3C(y—4)+C:-(z-5)=0. Cokparum Ha C (C =0):
18
= x+1)+3(y—4)+(z-5)=0. Tlocie npeoOpa3oBaHHii TOTyIaCM:

18x+1)+35(y—-4)+5z-5=0 = 18x + 15y + 52— 67 =0 — ypaBHCHHE

MCKOMOM TUTOCKOCTH.
3) YpaBHEHHE ITIOCKOCTH, TIpoxosieid yepe3 Touky M;(-1;4;5) umeet Bua: A(x +
1)+ B(y—4)+C(z-5)=0 (*). Tak kak Touku M,(3;2;-2) u M3(5;0;5) nexar Ha
TUTOCKOCTH, TO UX KOOPJMHATHI yIOBJIETBOPSIOT YPABHEHHUIO TUIOCKOCTH, TO €CTh:
AB+D)+B(2-4)+C(-2-5)=0, (44-2B-7C=0;
{A@+D+B@—®+C6—&:O,:{ 64— 4B =0.
Otkynaa noiaydaem A=14C, B=2IC.
[ToncraBnsist ToMydeHHBIC BETUYMHBI B ypaBHeHHE (*) m cokpamas Ha C=0
nonydaeM: 14(x + 1) +21(y — 4) + (z - 5) = 0. Vlnm mocie npeobpa3oBanmii: 14x +
21y +2z—75=0— uckomas MmIOCKOCTb.
OtBer. 1)20x +22y+7z-103=0; 2)18x+ 15y+ 5z2-67 =0;
3)14x + 21y +z-75=0.

3amaua 5.7. CoctaBUTh YpaBHEHHE MPSIMOI, IPOXOLISIIIEH Yepe3 ToUKy A(4;2;-5)
1) mapajieabHO BEKTOPY S = (1;2;3);
2) u Touky B(0;3;2);

x+l_y—2_£_
3 4 5’

3) mapayenbHO IPSIMOi

4) napaiiensHo ocu OZ,;
T T T

5) obGpa3yromeii ¢ 0CIMU KOOPAWHAT yIJIbl & = E; B = Z; V= 6

x+y-32+3=0;

6) mapaienbHO MPSMOM {x _y+27-4=0.
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Pemenmne.

1) Io ycioButo BEKTOp S mMapaluieNieH UCKOMOW MPSMOM, TIOOTOMY OH SIBIISIETCSI

ee HanpasiaouwuM BEKMOPOM. [Tpumenum ypaBHECHHUE (5.6):

X=X _Y=Yo_Z-Z

m n p
B Hamem citydae Xo= 4, yo= 2, Zp=— 5 (Tak Kak mpsMasi POXOIUT Yepe3 TOUKY A
(4;2;-5)), m=1, n=2, p=3 (tak kak §=(1;2;3)). Torma kKaHOHUYECKHE YPABHCHHSI

x—4 y—-2 Z+5
1 2 3

HMCKOMOU MPSAMOM:

X—X — Z—Z
2) ITo dpopmye (5.8) umeem: 4 - PP -,
Xg =Xa Vg —V4 =12,

T.C.

4:y—2_2+5 :>x—4:y—2:z+5
4 3-

= - YpaBHEHUE UCKOMOMU IIPSIMOM.
2 2+5 -4 1 7 yp P

X —
0-

3) B kavecTBe HANPaBJISIOIIETO BEKTOPa HCKOMOMW MPSIMO OepeM HapaBJIsSIOIINAI
BEKTOp JaHHOW MpsSMOM, T.€. S= (3:4;5). [TorTtomy 1o dopmyne (5.6)

x—4 y-2 z+5
3 4 5

KAaHOHHUYCCKHC YPABHCHHUA HpHMOﬁI

4) B kadecTBe HaIpPAaBIAIONIETO0 BEKTOpa MPSMOW OepeM eIWHHYHBIA BEKTOP,

HanpasieHHbli o ocu OZ, T.e. S= (0;0;1). Torna KaHOHWYECKHE YpPABHEHHUS

x—4 y—-2 z+5

UCKOMOU NIPSAMOM;
P 0 0 1

PaBeHCTBO 3HameHarened HYJIIO B YPaBHEHUSX NPSAMOU O03HAYyaeT, 4To
cOOTBEeTCTBYIOMME yncauTemm X —4=0 u y—-2=0.

5) B kavecTBe HamNpaBJISFOIIETO BEKTOpa MPSIMOW BO3BMEM CIMHUYHBINH BEKTOP
JAHHOM MPSIMOM, KOOpJAMHATAMU KOTOPOTO SIBJIAFOTCSI HAIIPABJISIOIINE KOCUHYCHI:

S =(cosa, COS B, COSy ). Mcmonb3ys JaHHBIC U3 YCIOBHS 3a1a4H, MTOTyIacM:

5 =( cos%; cos%; cos%) = s‘z(%;%;?). Torza mo dopmyre (5.6)

x—4 y-2 Z+5

KAHOHUNYCCKHUC ABHCHUM I1 ﬂMOﬁ: - - .
P ’ 2 N2, B,
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6) [IpuBenem ypaBHEHUs MPSAMOM, 33JaHHOW CHCTEMOW, K KAHOHMYECKOMY BHUIY.
JIns 3TOro BBIpa3uM OJHY W3 IEPEMEHHBIX, HAIPUMEP X, MIOOYEPEIHO YEPE3 JIBE
npyrue (Z v y), a 3aTeM NPUPABHSIEM MOTYUECHHbIE BBIPAXKEHUS.

a) Belpazum x uepe3 z. Jlyig 3TOro cioxuM o00a ypaBHEHHUS CUCTEMBI:
0+0-32+3=0
0-0+22-4=0

26:z+1:6:27+1 (*).

®=0+0-32+3+0-0+22-4=0+0=220-2-1=0>

0) Bripaszum x uepes y:

1 :
{x+y—32+3=0:> z=5(+y+3);
x—y+2z-4=0= x—y+20%(x—l—y+3)—420(**).

2
[IpeobpasyeM BeIpaxkenue (*¥*): X~V + g(x +y+3) =4, yumowmm o6e

MMOCJICAHCTO 4aCTH PpaBCHCTBA Ha 3:

3x—3y+2e(x+y+3)=4e3=3x—-3y+2x+2y+6=12=
(***)-

B) [lpupaBusiB Beipaxkenus (*) u (***), momyuuM KaHOHHUYECKHE ypaBHEHUS

SX—y=6 = 5x=y+6:>x:y+6

x y+6 z+1
3aJJaHHOM MPSIMOW: I = 5 - 2

OTcro/1a BUIHO, YTO HAIIPABJISAIONIUN BEKTOP 3aJaHHOM IIPSIMOM S =(1;5;2).
Toraa, B clly NTapaJuIeJIbHOCTH 33aJaHHOM U UCKOMOW MNPSIMBIX, HAIPABJISIOIIUN
BEKTOp MCKOMOM mipsimoit Takxke S = (1;5;2). B urore, mo ¢popmyie [ morydaem

TpeOyeMble YpaBHEHHUSI PSIMOM:

x—4 y—-2 7+5
1 5 2

-4 -2 z+5
Ortger. 1) Al = ; 2)

x—=4 y-2 7+5,
1 2 3 - - ’

—4 1 7
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—4 y-2 5 4 y-2 5
3)x _y-2_z+5, 4)x _y-2_z+5,
3 4 5 0 0 1

- y—2 Z+5 | x y+6 z+1

S)y_f/f/ 1="5 =

3agaua 5.8. Hanmcath ypaBHEHHE TPsSMOiA, MPOXOsIIei depe3 Touky M (2;-3;4)

U TIEPIEHIUKYISIPHOUN MPSAMBIM:

x+2 y-3 z+1 x+4 y z-4

1 -1 1 2 1 3
x—2 +3 z-4
Pemenne. [1o popmyine HonyqaeM: — 7 P -
U3 ycrnosus nepnenouxynsapHocmu WMCKOMOW TPSIMOW C JaHHBIMH HMEEM:
m-n+p =0,
2m+n+3p=0 N3 mnomydeHHOW cHUCTEMBl HaiieM OTHOIIEHUS
m_Nq- O;
HaIpaBJISIIOMUX KOA(DPHUITUESHTOB: pm pn
2e —+ —+3=0.
P P
m 4 n 1
OTtkyna E = —E,B = 3 Bauut,m:n:p=4:1:(-3).

x-2 y+3 z-4
4 1 -3

YpaBHEHUS HCKOMOU MPSIMOM:

x-2 y+3 z-4
4 1 -3

OTtBer.

3agaua 5.9. CocTaBUTh KAHOHUYECKUE YPABHEHUS TIPSMOM, JISKAIIEH B MIIOCKOCTH
XOZ, npoxojsileid 4epe3 Hayaao KOOPAWMHAT U MEPIEHANKYISIPHYIO K TpsSMOMN
x+4 y-7 7+8
= = (*)
3 -2 1
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Pemenne. T.x. mnpsmas mnpoxomut deped O (0;0;0), to mo dopmyne (5.6)
x-0 y-0_ z-

0**
]

IMoJIiydacM:

Tak kak npsiMas JISXKHUT B IIIOCKocTH XOZ, TO s 1 0OV, te. n=0.
N3 ycnoBus nepneHuKyIspHOCTH IPAMBIX (*) 1 (**) (Tabn. 5.1) cnemyert, uto: 3m
-2n+p=0 = 3M-2-0+p=0=3m+p=0= p=-3m. [logcraBum B

ypaBHeHus (**)Nn=0 u p=-3m:

x-0 y-0 z-0 X 'y z
m 0 _3m- Cokpatum Ha m =0: 10 -3 ~ HCKOMast
npsimMas.
X_Y_ 2
OrTBer. 1" 0 _3°

3amava 5.10. Haittu yrsi:

1) Mexmy mmockocTsiMu: X — Y\/E +2-1=0, x+ Y\/E —-2+3=0;

1
5 X+4 _y-5_ 7+6, x—2_y+7_z_§_
)MEXITY IPSIMBIMHU: 5 5 11 T
x—05 y+05 z
3)Mexay npsMon 1 = 5 = 5 MIUIOCKOCTBIO 16x+ 2y—15z+4 = 0.

Pemenmne.

1) BeInuimeM KOOPAWHATBI HOPMalbHBIX BekTopoB N1 w N2 K JaHHBIM

TIIOCKOCTSIM:
a) K II0CKOCTH X — y\2+2-1=0 HOpMaBHBIH BekTop N1 = (L —/2; 1), T.e.
A;=1,B1=-42,C = 1;
6) K mIockoctH X+ yv2 -z+3=0 HopmaibHEii Bektop Nz = (L +2; —1),

T.C.A2=1,B2=\/§,C2=-1.

Torma UCKOMBIN yroi HaxoauTes Tak (cM. Tab:. 5.1):
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cosg =

(AP BB +CC) _ +@1+(v2)V2+1.(-1) :{_ gj:
\/Af+Bf+C12-\/A22+BZZ+C22 \/12+(—\/§)2+12+\/12+(\/§)2+(—1)2 2
— COS @ =+ E » T.. JBYI'paHHBIE VIJIbI, OOpa3OBaHHBIC IEepEeCcCCUCHUEM

T

y 1 1
3a/IaHHbIX LIOCKOCTEH, PABHBI: (1=arccoS~ =77, g, =arccos (— EJ =7 —arccos (Ej

g 2T
3 3

2) Breimumem KOOpAHHATHI HAIPABJIAOMINX BEKTOPOB 3aJIaHHBIX IPSIMBIX.

_X+4 y-—-5 z+6 . -
a) UL PSIMOi 5 T _5 ~ _q HaNpaBIIiomyH BEKTOp S1=(2; -2; -1),

T.. M =2, Ny = -2, P1 = -1;
1

x—2_y+7_Z
1 2 1

0) st IpsMOit HAIPaBJISIONUN BEKTOP Sy= (1; 2; 1),

T.e. My =1, n; = 2, p,= 1. Torna uckoMmpli yroyi HaxoauTcs Tak (cM. Tadi. 5.1):

£(mm, +nn, +pp,) +(2-1+(-2)-2+ (-1 1 :J_r(_ij:
Jmeng +pf oy mieng £ pl 274 (D) + (D)7 V1P 428 41 6

CoS ¢ =

:>COS(p:$%- Torma 3ajaHHBlE NOpSAMBIE IIPU IIEPECEYEHMH OOPa3yIOT

1 1 1
CMEXHBIE MISH = alrcCoS —&—, = arccosS | ———= | = —arccos| —— |.
yr. 2] s D, ( 5 ) [ G J

3) Hanpasunsiiommii BeKTOp 3aaHHoOM npsivoit: s =(1;2;2); T.e. m=1; n =2; p=2.
HopManbHBIi BEKTOp 3a1aHHOM miockoctu: n = (16; 12; -15), T.e. A=16;B
= 12; C=-15. Torna uckomslii yros paBeH (Tabdi. 5.1):

|Am + Bn + Cp| ~ 16-1+12-2+ (-15)-2| |10

Sln(D:\/A2+BZ+C2 Jm? +n? + p? _\/162+122+(—15)2 V22422 253
10 2 . 2 .2
=——=—>=SINp=—=@=arcsin —
25-3 14 15 15
.2
Ortser. 1) % H%ﬂ; 2)arccos% 5 n—arccos%; 3) arcsmE_
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3amaua 5.11. Haitmm nentp u pamayc chepsr. X° + y* + 22— 10y + 4z +25 =0,
Pemenne. [IpuBeaem 3anannoe ypaBHeHue chepbl K BUIY:
(X —Xo)* + (Y —Yo)* + (z—20) = R”.
J{71s1 5TOTO MPUMEHUM Meno0 8bl0eNIeHUs NOJIH020 K8aopama:
X2+ (Y2 —10y) +(Z +42) +25=0 =
X2+ (YP—2-5y+25-25)+ (Z2+2-22+4-4)+25=0 =
X*+(y—5)°—25+(z+2)°*-4+25=0 =
X2+ (y—5)+ (z+2)°=4.
Taxum oOpa3om, IIEHTP cPepbl HAXOIUTCA B TOUKE 0'(0; 5; - 2), a paauyc ee paBeH
R=2.
Otser. 0(0; 5; -2), R = 2.

5.3 3agaum AJisl CAMOCTOAAITEJIbHOTO pelIeHHusl

235. HOCTpOI/ITB IUIOCKOCTH, 3a1aHHBIC YPABHCHUAMMU

1) 5x +2y +3z=15; 2) 3x +2y — 6 =0;
3)3z-5=0; 4)x —4y+2z=0;
5)3x-z=0.
Omnpenenuth KOOPAUHATH UX HOPMAIBHBIX BEKTOPOB.
236. [ToctpouTs mpsmeie: 1) {2x+3y+32 -7=0, 2) X=2 = y—2 :E.
X+2y+2z-4=0. 1 2 2

VYka3atb KOOPpAMHATLI HAITPABJIAIOINHNX BEKTOPOB.

237. Jlanbr ase Touku A(3; 5; 6) u B(5; -7; 4). CoctaBuTh ypaBHEHHE TUIOCKOCTH,

MPOXOSIIEH Yepe3 TOUKY A NEPHeHAUKYIIPHO K BEKTOPY AB.
238. CocTaBUTh KAHOHUYECKUE YPABHEHUS TIPSIMOM, TPOXO/ISIICH Yepes:
a) Touky M (3; -1; 2) u mapamnensHoii Bektopy s = (1; 0; -2);
0) touku A (3;-1; 4)u B (1; 1; 2).
239. Haiitu yrisl:

a) MEeX]y IIIOCKOCTAMHU: X —2y 122 —-8=0ux+z—-6=0;

X-3 y+2 z
0) MeX Iy MPSIMbBIMU: = = oH

1 -1

X+2 y-3 z7+5
1 1 2
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1
B) MEXy TIPSMOM: g = % = ZLl Y TUTOCKOCThIO 4X +y + 72— 3 = 0.
240. Hatitu pacctosaue ot Touku M (1; 3; -2) 10 miIockocTH 2x — 3y —
4z + 28 = 0.

241. CocTaBUTh YypaBHEHHUE IIJIOCKOCTH, NPOXOJIIEH UYepe3 TOUKYy
M (1; -2; 4) napanienbHo miockoctu 3x — 2y + 5z -4 =0,

242. CocTaBuTh ypaBHEHHE TUIOCKOCTH, TIPOXOIAIIEH Yepe3 TOUKY M (1; -2; 4)
NEPIEHIUKYIAPHO K MIOCKOCTIM 2X + 3y — 52+ 6=0u3x+4y-32-5=0.

243. CocTaBuTh KAaHOHMYECKHE YPAaBHEHUS MPSIMOH, Jiexkalleld B miaockoctu XVZ u
npoxonsmend uepe3 Touky M (2; 3; 0) nNepneHAMKYJIsSpHO K MPSIMOU

Xx+3 y-1 z-6
5 2 -1

244. HanncaTh KaHOHUYECKUE YPaBHEHHSI IPSIMOH, Mpoxosiiei yepes Touky A (0;

UXx=4 y+2 z-1
-4; 2) mapanienasHo IpsAMON 3 1 o -

. . X y-1 z+1
245. Haiitu TOuKy nepecedeHus npsMoit 2 5 T 1 A IUIOCKOCTH X ty—2Z

-2=0.
246. Haiiti KoOpMHATHI IIEHTPA U pagnyc chepbl

X +y*+2°—3x+5y—-4z=0.

247. HaifTi TOUKHM TIepeceveHus] TUIOCKOCTH X + 2y + z — 8 = 0 ¢ ocsIMH KOOpAHMHAT,
IIOCTPOUTH 3TY IUIOCKOCTbh. Y Ka3aThb HOPMaJIbHBIA BEKTOP.
248. Kak pacrnosio;keHbI MII0CKOCTH OTHOCUTEIHHO OCEH KOOPIMHAT:
a)x—-y=4; 0)x+ty+3z=0; B)y-6=0; 1)3y+2=07?
[TocTpouTh 3TH MIOCKOCTH U YKa3aTh HOPMAJIbHbIE BEKTOPBHI.
249. CocTtaBuTh ypaBHEHHE IUIOCKOCTH, MPOXOJAIiei uepe3 Touky M (-1; 2; 3)
nepreHaAnKyYIIpHO BekTopy (3; -1; 5).
250.0mpenenuTs Kak pacmoJIOKEHB TUIOCKOCTH (mapajjiebHO HWIH
NEPHNEHAUKYIISAPHO):

4x -3y+5z-3=0 u x—-2y—-2z +7=0.
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251. Haiitu pacctosiare ot Touku M (5; 1; -1) no mockocn x — 2y —2z + 4 =0.

252. CocTaBbTe ypaBHEHHE TUIOCKOCTH, TPOXOISAIICH YEPe3 TOUKY K (1; -5; 6)
napajiebHo MmIockocT 3x —y + 5z —7 = 0.

253. CocTaBuTh ypaBHEHHE TpsAMOH, mpoxosmeld uepe3 Touky A(0;-3;8)
napannensHo BekTopy s (-1; 3; 4).

254. CocTaBUTh ypaBHEHHE MPSAMOMU, TPOXOASIICH Yepe3 ABe aaHHbie Touku M; (0;
1;-3)uM, (-4; 5; 1).

255. CocraBbTe ypaBHEHHE MpsAMOH, mpoxoxasmed uyepes Touky A(-2;3;1)

L X=1 y+2 z
napajjiejJbHO IMPSIMOH - 3 rE

256. Haiitu koOpAMHATHI IIEHTpA U paanyc chepsl:
x*+y* + 2° — 8x + 6y — 10z-75 = 0.
257. CocTtaBUTb YypaBHEHHE NpPSAMOM, Npoxojsdmed uepe3 Touky A(2; 4; 7)

napasienbHo ocu:  a) OX; 0) OY; B) OZ.

258. HOCTpOI/ITB INIOCKOCTH M YKA3aTb KOOPAWHATHI UX HOPMAJIBHBIX BECKTOPOB!

a) 5x — 2y +3z-10=0; 0)3x+2y-2=0;
B) 3x + 2z = 6; r)2z—-7=0.
259. CocTaBuTh ypaBHEHHUE MJIOCKOCTH, MPOXOAIICH Yepe3 TOUKY M 4;5; -

3) u nepneHauKyIapHOi BekTopy n = (2; 1; 4).
260.Hammcath ypaBHEHHE IUIOCKOCTH, MPOXOonsiied uepe3 Touky A(4;5;6) wu

NEPIIEHINKYJIAPHON BEKTOPY OA .

261. Mauber Touku My (0; -1; 3) u M, (1; 3; 5). Hanucath ypaBHEHHE IMJIOCKOCTH,

MIPOXOAIEN Yyepe3 TOUKy Mj U NepHEeHaUKYIISIPHON K BEKTOPY M.M, .

262. HanmucaTth ypaBHEHHE IJIOCKOCTH, MPOXOAsIieit yepe3 Touky M (2; -1; 3) u
OTCEKAIOILIEN Ha OCSIX KOOPJIAMHAT PaBHbIE OTPE3KH.

263. HanucaTpe ypaBHEHHUE IJIOCKOCTH, Mpoxosauei yepe3 Toukn M; (3; 1; 0) u
M, (1; 3; 0) u mapanensHoi ocu OZ.

264. Hamucath ypaBHEHUE TIOCKOCTH, TPOXOIAIIEH Yepes:
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a) Touky M(0; 5; 6) u ocb OX;
0) Touxy M(6; 0; 4) u ocb OV
B) Touky M(2; -4; 3) u ocs OZ.
265. HamucaTh ypaBHEHHE IIOCKOCTH, MMPOXOAAIICH uepe3 Touky  M(2;-5; 4) u
napajiesIbHOW KoopauHaTHOM 1uiockoctu: a) XOV; 6) XOZ; B) YOZ.
266. CocTaBuTh YypaBHEHHE IUIOCKOCTH, IIPOXOJIICH yepe3 Touky M (2; -1; 3)
napauieIbHO TIIOCKOCTH 2X +3y — 4z +5 =0,
267.  Haiitm ypaBHEHHE IUIOCKOCTH, MNpOXoAasmied uyepe3 Touky M(2;3;-1)
napauieIbHO MIockocTH 5x — 3y +2z —10 =0.
268. Ompenenuth OBYTpaHHBIE YT, OOpPa30BaHHBIC TEPECEUCHUEM CIICTYIONINX
Iap IJIOCKOCTEH:
a) x+2z-6=0 u x +2y — 4 =0;
6)3y—z=0u 2y +z=0;
B)6x +3y-2z2=0 u x+2y+6z—-12=0;
r)x+2y+2z—-3=0 u 16x +12y-152-1=0.
269. CocTaBuTh ypaBHEHHE IUIOCKOCTH, MPOXOISAIIEH Yepe3 TOUKY My (5;3;2) u
napaienbHoi 1ByM Bektopam: a = (4;1;2) u b=(5;3;1).

270. Hamwmcath ypaBHEHHE IUIOCKOCTH, mpoxonsameii uepes ock OY wu

o T
COCTABJIAIOMIEH C IIOCKOCTBIO 2X-~/5 'y+Z — 4=0 yron 3

271. Hamucath ypaBHEHHE TUIOCKOCTH Mpoxojsiiel yepe3 Touky M (-1; -2; 0) u
NEPIECHINKYISIPHOM TIOCKOCTH X + 2y + 27 — 4 = 0.

272. CocTaBUTh YpaBHEHHE TUIOCKOCTH, MPOXOAsiei uepes Touky My (0; -1; 3)
NEPIEHIUKYISAPHO K MIOCKOCTIM X +y-2z+5=0 u 2x—-y+3z—-1=0.
273. CocTaBUTh ypaBHEHHE IJIOCKOCTH, MPOXOJAIICH uepe3 Hauajio KOOpAMHAT U

TouKy My (3; 5; 2) nepneHAuKYISIpHO K TIockoctu  2x — 3y = 0.
274. Haiitu paccrostnue ot Touku B(5;1;-1) no minockoctu x—2y-2z+4= 0.
275. Haiftu paccTostHuEe MEXITy TapaJlIeTbHBIMUA IIOCKOCTSIMU:

4x +3y-52—-8=0 m 4x +3y-52+12 =0.

276. ITocTpouTh MpsIMBbIE U 3aMMCATh WX HATPABJISIONINE BEKTOPHI:
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2X+3y+4z-7=0; X—-2 y-6 z-4
2) {x+2y+32—4=0; 03T 4 T
277. HamucaTe KaHOHUYECKHE YpaBHEHHUS MPSMOW, MPOXOIALICH dYepe3 TOUYKHU
A(-1; 2; 3), B(2; 6; -2).
278. Hanucath ypaBHEHHE MPAMOH, Jexaied B miockoctd XOV u mpoxosinei
yepe3 Ttouky  K(0,5; 0,6; 0,7) mNOEpHEHAMKYISIPHO  IUIOCKOCTH
3x+4y—-8z—-15=0.

X=z+1
y=1-1z.

279. ITokazate 4To mpsiMas gz

w <
N

NEePHeHANKYJIIpHA MPSIMOi {

Ykazanue. IlpuBectu ypaBHEHUE BTOPOU NPSIMOM K KAHOHUYECKOMY BUILY.

280. Hamucate ypaBHEHHS TpSIMOM, Tpoxojsmied depe3 Touky K(6; 7; -1) u
napasuielIbHOM BEKTOPY s = (-1; 2; -3).

281. Hanmncath mapaMeTpudecKue ypaBHEHUS MPSIMOA:
a) mpoxosmei uepes Touky M (2; 1; -1) u mapamnensHoii Bektopy s = (1;-
2; 3); 0) mpoxoasmei yepe3 Touku M; (3; -1; 4) u M; (1; 3;2).

282. Hammcarp ypaBHEHUs TpsiMOM, mpoxopsmie uepe3 Touky M(1; 4; -1) u
napajienbHoOu npsiMont X —y =2, y=2z + 1.

283. HammcaTh ypaBHEHHsI IPSIMOM, MPOXOsinei uepes Touky (1; -2; 3):

a) mapamiensHoit ocu OZ;  0) neprieHauKyIsipHON ocu OZ.
. . X—-4 y-2 2z
284.Haitti cneanl TpsiMOM —[ =", —C, Ha KOODIMHAaTHBIX  IUIOCKOCTAX H
MOCTPOUTH MPSIMYIO.

285. HaiiTul yriiel M@Ky IPSIMBIMHU:

) 2X—-y—-7=0; 3X—-2y+8=0;
"
2X—72+5=0; Z2=3X;

5) {x—y+z—4:0; {x+y+z—4:0;

u
2X+Yy—-22+5=0; 2X+3y—-72-6=0;

X-5 y+3 -4

X
B) =
2 1 -2 1 -1 -4

) 2x—-3y—-4z2+5=0; X-5 y+3 z-2
r 51 = = :
X—-2y-3z-1=0; 21 1 4
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286. JlokazaTh, YTO MpsIMbIE TAPaJIIETbHBIL:

X+3_y+3_2-8 2x—3y+2-5=0;
5 3 -1 X—-2y—-2+2=0.

287. JlokazaTb, 4YTO IPSIMbIE B3aUMHO MEPICHAUKYIISIPHBIL:

X—4 y+2 7+5 {X+ZY—3Z+1=0;
a) = = u

2 1 -1 X+2z-y-3=0;
3X+4y—-z2-1=0; x=1+2t
0) y U m Jy=2+3t
2X+3y+2+2=0;
Z=5+t.

288. CoctaBuTh ypaBHEHHE MpsAMOH, mpoxonsdiied uepe3 Touky M(2; 0; 3)

X-2 y+3 z-4
1 5 -2

MEPICHAUKYJAPHO K MPSIMOU U PpACHOJIOKECHHOM B

miockoctu XOZ.

289. CocTaBUTh ypaBHEHHE TMPSAMOW, MpoXomIeH dYepes Touky Mo(1;-1; 3)
MapaJJICIbHO JIMHUMA MEPECEUCHMS IUIOCKOCTen X — 2y + 32 — 5 =0 wu
3x+y—-2z2+1=0.

290. Hamucatp ypaBHEHUE TJIOCKOCTH, TPOXOIAIIEH Yepes:

a) Touky M(2;3;-4) u nepneHaAuKyJIIpHOM K mpsiMoit X =2, Y —Z = 1;

6) 1ouxy NG3; 4; 5) u npavyro *—2 Y3 =%,
x-1 y+1 z+2

1 2 2

B) MPSIMYIO ¥ TIEPIICHINKYISIPHON K TNIOCKOCTH
2x +3y—z+7=0;

r) Touky K (4; -3; 1) u mapannenbHO OpsIMbIM gz % =— U

x+1 y-3 z-4,
5 4 2 '

n) Touku M, N, K.

291. CocTaBuTh ypaBHEHHE MPSAMOH, MpoxXomasimieii depe3 Touky My (-3; -2; 5)
NEepPHeHANKYJIAPHO mIockocTu 5x + 3y -8z +1 = 0.
292. BbIUUCIUTH YTOd (¢ MEXKIY MPSIMOM @ ¥ MIIOCKOCTBIO O, €CITH:

a) a: x—3:y+5:z—6; a: 4x+2y-27+5=0;
1 2 1
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0) a: y=3x-1, 22=-3x+2; a: 2x+y+z—-4=0.

o X—y+3=0;
293. CocTaBuTh YpaBHEHHUE INIOCKOCTH, MPOXOJISAIICH Yepes MpsMyo 6y +1=0
o x-1 vy z+1 0
IIEPECEKAIOIIEN TPAMYIO E = 1 = 1 noj, yriiom 45°.

294 Haiitu npoexiuto Touku A(1;-3;2) Ha mnockocts 6x + 3y—z — 41 = 0.
295.Y CTaHOBUTb, JIEKUT JIU NpsiMast @ B IUIOCKOCTH 0, TapaJlJIeIbHO IMJIOCKOCTH WU
HIepeceKaeT ee, eCIIu:

- 2 -
a) a: x-1_y+2 72-2,

2 1 1’

a:3x —y+22+5=0;

Xx-2_y-3 z-1
-2 3 2’

0) o d4x +2y+z+24=0;

X—2 Yy+1 z+5
1 a4 2
296. HaiiTi TOuKy nepeceueHust MI0CKOCTEH:
a)3x -5y +8z2-12=0; 2x—-3y+52-8=0; 2x +y+7z-20=0.
0)2x—3y+z-5=0; x—2y-22+6=0; 3x-4y+4z-16=0.

a:4x+y —z=0.

297.CocTaBuTh ypaBHEHUS MIJIOCKOCTH, MpoEHUPYIOIIEH MPAMYIO

X—2 y-3 z1+4
3 - 1 = 5 Ha IUIOCKOCTh 3x — 2y +52 6 =0,

298. CoctaBuTh ypaBHEHHE IUIOCKOCTH, TPOXONAIIEH dYepe3  MIpsIMYIo
X+2 y-3 z X-5 y-2 72-6
3 4 2

———=—! a) napajuielbHO NPIMOU
0) mepmeHIuKyISIPHO K MIockocTh 2x — 3y +4z2 -7 =0.

4 5 1

299. HaifTu KaHOHMYECKHWE YpaBHEHHs MPSIMOW, TMPOXONAIIEH dYepe3 TOUKy

X-2 y+4 z-5

A(5; -2; 3) ¥ TOUKy nepecedeHust MpsMoi 3 2 1

H IINIIOCKOCTH

x+2y-z-1=0.
300. Haiitu eHTpbl U paanychl chep:

a) J3x?2 + 3(y+7)2 +~/3(z —1)2 =9-\/§;
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6) (X—5)°+(4+Yy)’ +(z—4)*-5=0;

B) XO+ Y2 +2° +2X—4y+62=2

n X2+ Y2 +2% —2x+6y+6=0;
o X +yi+zt —2x=2

Tecr 5
1.BbeIOpaTh MmI0CKOCTh, MapauIeIbHYIO MIOCKOCTH X —2Z + 5 =0:

a)4x +8z+10=0; 0)2x+z +1=0; B)2x-42+5=0.

2.CocTaBUTh YPaBHCHHUC IINIIOCKOCTH, HpOXOIIHHlCI;’I 4cpe3 Ha4dYaJl0 KOOPpAHWHAT H

o . X=1 y+2 1z .
MEPNEHAMKYILIPHOR PAMOH ——="——=—!
a)x+2y—32=0; 0)x—2y = 0; B)X+2y+1=0.

3.HaiiTi KoOpAMHATHI HAMTPABJIAIOIIETO BEKTOPA MPSMO

Xx-3 y-4 z7+5
0 2 -1

a)  =(3,5,-5); 6) 1=(0,2,-1); B) ¢ =(-3,-4,-5).
4. YkaxunTe KOOPAMHATHI LIEHTpa U paanyc chepsl  x°+y +Z—10y+4z+25=0:
a)C(0,-5,2),R=2; 06)C(0,5,-2),R=2; B)C(0,5,-2),R=5.

5.VkaxuTe KOOpAMHATH HOPMAJILHOTO BEKTOpa TiockocTh 4x — 52 = O:

a)n =(4,-5,0); 6) n = (-4, 5, 0); B) n = (4,0, -5).
6.Hamumure ypaBHeHue mpsimMoi, mpoxoxsmier uepe3 Touky A (0; -4; 3) u
MapajlyIeIbHO MPSIMOM x_y-2_z+l
P P 1 2 -3
3)52&422_—3; 6) ﬁzy__zzz_”’ B)§:L4:Z_+3
1 2 -3 0 -4 3 1 2 -3
7.Kakas u3 Tpex ImI0CKOCTeN MpoXoauT yepe3 och OZ:
a)3x +y=0; 0)z+6=0; B) 3x +22=07?

8. VkaxuTe B3aMMHOE pacrlojiokeHue miockocred 4x —y + 52 -3 =0 wu
Xx—6y—2z2+5=0: a)napawienbHbl, 0) NEPIEHIUKYISPHBI, B) MEPECEKAIOTCS

(He Mo NpSMBIM YTIIOM).
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9.Haiiti TOUKY HIepeceyeHust psIMOi gz L‘; - ZT” M IUIOCKOCTH X+y—Zz+2= 0:
a) A (4;-5,51); 6) A (0; 1; -1); B) A (15 1;-1).

4x+3y-2=0

10.Haiitit KoOpauHATHI HATPABJIAIOIIETO BEKTOPA IIPAMOI
pA P m patip {Zy +2+4=0

a) | =(0; 6; -1); 6) I = (5; -4; 8); B) | =(4;3;-1).
11. HaliTu COOTBETCTBHE MEXTY YTBEPKIACHUSIMH OTHOCUTEIBHO JIBYX IJIOCKOCTEH
Aix + Byy + Ciz + D; =0 (1), Ax + By + Coz + D, = 0 (2), npsmoit

X — X -~ z-1
0o _ Y7 Vo _ ¢ M UX MPU3HAKAMHU:

m n
1) mockocTH napajuienbHsl, | a)Aj;A, + BB, + C,C, = 0;
2) TUIOCKOCTH NEPICHAUKYISPHBL;, | 6) AB_S ;

AZ BZ C2
3) iockocTh (1) m mpsmast mapajuieNbHbI; | B) Am+Bn+C,p=0;
4) TIO0CKOCTh (1) U npsiMast | ) A_BG :

m n p
TIEePIICHANKYJISIPHBI

12. JlaHbl HOPMaIbHBIE BEKTOPH COOTBETCTBEHHO INIOCKOCTER o M A nu= (Ay]
Bi; C1), ns = (Ay; By; Cy), ¥ HanpaBIISIOIIME BEKTOPHI NPAMBIX @ M b: Sa = (My;

Ny, Pu), So= (My Ny P,). HallTh coOTBeTCTBHE MEXIYy YTBEPKACHHAMH H HX

[PU3HAKAMHU:
1. mockocThb o mapautensHa mwiockoetu B (o | | A) a)s, LS,
2. TUTOCKOCTB 0L IEPIICHAUKYIISIpHA MJI0CKOCTH B (o L ) 6)n, || n,
3. mpsiMbIe IepreHAUKYIIApHBI (¢ L b) B)n, L S,
4. mpsiMble TapasutesbHel (a | | b) rnn, LS,
5. mpsimast B mapastensHa miockocta o (b | | o) n S, ||n,
6. mpsAmasi ¢ mapannenbHa miockocta B (b | | B) xK) S, || n,
T.a|| o 3)n, Ln,
8.b 1 p ) S/ oy
9.al a K)Ng | | Sy
10.a 1 B mng LS,
11.b L o M) 5. I3,

13.YpaBHeHHE MIOCKOCTH, MPOXOASIICH uepe3 Touky My (2; 3; -1) mapauienbHO

MJIOCKOCTH 4X — 2y +52-3=0 umeeT BU/I;
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4x +By+Cz+D=0,rneB=...,C=...,D=....

X+y-z+4=0; . x+3 y+3 z-1
2Xx-3y—-7-5=0; 4 1 2

14 ITpsimble { MepeceKaroTcsl B TOUKe (Xo,

Yo, ZQ), rmexp=....,¥%=...,20=....

15. Ilpu nepeceueHnn MIOCKOCTH X +2y —2Z + 1 =0 u x + y — 4 = 0 o6pazyroT

CMCXKHBIC YIJIBIL: @, =... @, =TT —@; =...

Bonpocbl mis camonpoBepku mno tTeme «lIpsiMasi M IUIOCKOCTH B
NPOCTPAHCTBE)
1.ITonsitue noBepxHocTH. Chepudeckas moBEpXHOCTb.
2.I1nockocth. OCHOBHBIE BHUJIbl YPAaBHEHHUS IUIOCKOCTH (IIJIOCKOCTh, MPOXOASIIAs
4yepe3 33JaHHYI0 TOUKY C 3aJaHHBIM HOPMaJbHBIM BEKTOPOM; B OTpE3Kax; oOIiee
YpaBHEHHE TIOCKOCTH).
3.UccnenoBanue o011ero ypaBHeHUs IIOCKOCTH.
4 Ilpsamas B mpocTpaHcTBe. Buabl ypaBHeHMI mpsAMOW B MpPOCTpaHCTBE (0OIIeE;
KaHOHMYECKOE; MapaMeTPUUEeCKOe ypaBHEHUS; ypaBHEHUE MPSIMON, MpOXOAsIien
yepes JIBe TOUKH).
5.B3aumHOe pacmoniokeHuEe ABYX IUIOCKOCTEH: Yroil MeXAY IIJIOCKOCTSMH,
YCIIOBUE MapajieIbHOCTH, YCIOBUE NEPIEHIUKYISIPHOCTH.
6.B3aumHoOe pacmosiokeHrne mpsMOil U TUIOCKOCTH B MPOCTPAHCTBE: YTOJ MEXIY
IPSIMOM U TTOCKOCTHIO, YCIIOBUS APaUIETbHOCTH U MIEPIEHAUKYIISIPHOCTH.
7.B3aumMHOE pacroyio)keHHe JBYX MpsIMBIX B MPOCTPAHCTBE: Yroll MEXIy
IPSIMBIMH, YCJIOBHS MAPAIJICIIBHOCTH U TIEPIICHIUKYIIPHOCTH TIPSIMBIX.

8.Paccrosgnue oT TOUKH J0 IINIOCKOCTH.
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